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Objects of study

The main object treated is the unital associative free C-algebra in
arbitrary number of generators {Sf}jeJ and @ satisfying

5iQ = 0;(Q)S (1)
where o} is a Laurent polynomial. Denoting S;; =S, S;, = T,
0j, = o and 7;, = 7, we can write in three generators that
5Q =0(Q)S, )
TR=7(Q)T.
Writing R = (dS — bT)/(ad — bc) and J = (aT — ¢S)/(ad — bc),
where a, b, ¢ and d are complex numbers with ad # bc, we obtain
ado(Q) — bet(Q) bdo(Q) — bd7(Q)
R+ J,
ad — bc ad — bc (3)
adt(Q) — bca(Q)J N act(Q) — aco(Q) R
ad — bc ad — bc ’

Observe that relations (1) are recovered for b = ¢ = 0.

RQ =

JQ =
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An arbitrary word (monomial) a in S and Q can be written as

3= Qk15j2 Qk2 o Serkr = H St ri. (4)
t=1
a is called normal ordered if all the powers of @ stand to the left,
a— Z Ajk(a)QjSk. (5)
jJ(ENo

The coefficients Aj(g) are called normal ordering coefficients of a.
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Main result

If Q@ and {SJ'}jeJ satisfy 5;Q = aj(Q)Sj, then for all positive
integers k and r, and any polynomial F,

SFF(Q) = F(a7(@)) Sf, (©)
(skF(@) = (l_IF (ffi’tk(@))%”’ @

and for all positive integers k; and r, and any polynomials F,

TI54F(@) (Ha( Ho ;kl)(@))) Iss @

t=1 t=1

where 0°k denotes the k-fold composition of o with itself.
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Main result

For positive integers k, N, r, and polynomial F(Q) = Z;V:o 7@,

= i i(554(@) st (9)
1=0
(stF@) = % (Hﬁt><ﬁ(°“(o))“>5ﬁ,

(hyeerlr)€9{0,...,N}" t=1
(10)

and for all k¢, N¢, r € Zy., and polynomials F(Q) = 3"Vt £, Q",

[sr@- % (H m)

(/1, ,/r)€/1 XX

. i (11)
. (H ((Uﬁkto... okl)(Q)> ) HSJ;?,

t=1 t=1

where I} = {0,...,N;} forsome t =1,...,r, 4/



Example: Three generators

If S, T and @ are elements of an algebra satisfying the relations

SQ=0(Q)S and TQ=r1(Q)T, (12)
where ¢ and 7 are polynomials, then for all positive integers J, k, /,
. . I .
SITQ = ((r** 0 0%)(Q)) ST, (13)
. k / r r k . lt . k
(SJT Q ) ~ (11 <(T° o a°f)°f(Q)) (TR, (14)
t=1
and for all positive integers ji, k¢, Iy and r, where t =1,...,r,

r

f[sffrka’fz H((T"kfoa"ff oK o gt (Q)) HSfkar
t=1

t=1
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Example: oj(x) = ¢jx9¥

Let ¢; € C\ {0}, gj € Z, and let o be the polynomials

oj(x) = ¢x9. (15)
Then the general commutation relation becomes

5@ = ¢RYS;. (16)
and for positive integers r, the general reordering formula becomes

r

lLIS.thIt = H c.{kn}qj" 2t <H't":”+1 qﬁ;”)lt QZt 1 ( n=1 qj,, It H Skt
Jt Jn

n=1
(17)
where {k}, for some complex number g denotes the g-number
k—1 k
W=y @=L (18)
j=0
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General formula for nested commutators

What is e?ef = eA+B if AB £ BA? (Baker—Campbell-Hausdorff)

m A function f: {1,...,n} — R is said to be unimodal if there
exists some v such that f(1) > --- > f(v) <--- < f(n).

m A permutation of [n] = {1,...,n} is a bijection f : [n] — [n].

Proposition
For all positive integers n, we have

n

[xn, [x,,_l, ey [y xa] - H = Z (_]_)”—p—l(l) H Xp(w),  (19)

peUn v=1
where U, denotes the set of unimodal permutations of {1, ..., n}.
For n = 2,3, we have
[x2, x1] = xox1 — x1x2,
[X3, [XQ, Xl]] = X3X2X] — X3X1X2 — X2X1X3 + X1X2X3.
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Nested commutator formulas for S;, Q-elements

For any positive integers ki, r+, n, and any polynomials F;, where
t=1,...,n

lsjl;"Fn(Q)) [515"_11 -1(Q), ..., [%éze(Q),SﬁlFl(Q)] ” -

-0 (T (o) ) 15t

peU,
(20)
To(v)
Sk n Sk o -1 n—p~1(1) TT
i n(Q) P gl 1(Q) - Z( )
= v=1 t=1
F ((UOtkp(”) o g KDl g e o0 ) H V) "
p()\\%},.) Jp(v—1) jp( Jov
(21)
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An operator representation

A concrete representation of the relation
5iQ = 7j(Q)S5
is given by 5; — Qg and @ — @y, where for any polynomial f,
g (F)(y) = f(o;(y)), (22)
Q(F)y) = yf(y), (23)

Let a, b, c,d € C with ad # bc, and let o and 7 be polynomials.
Then the operators

adf(o(y)) — bcf(T(y))

RU,T(f)(y) = 2d — bc ) (24)
i (F) () = 2T 2T o1)) (25)
Q(F)(y) = yf(y), (26)

acting on C[y] gives a representation of the R, J, Q-elements.
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Thank you
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