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Objects of study

The main object treated is the unital associative free C-algebra in
arbitrary number of generators

{
Sj
}
j∈J and Q satisfying

SjQ = σj(Q)Sj , (1)

where σj is a Laurent polynomial. Denoting Sj1 = S , Sj2 = T ,
σj1 = σ and τj2 = τ , we can write in three generators that

SQ = σ(Q)S ,

TQ = τ(Q)T .
(2)

Writing R = (dS − bT )/(ad − bc) and J = (aT − cS)/(ad − bc),
where a, b, c and d are complex numbers with ad 6= bc, we obtain

RQ =
adσ(Q)− bcτ(Q)

ad − bc
R +

bdσ(Q)− bdτ(Q)

ad − bc
J,

JQ =
adτ(Q)− bcσ(Q)

ad − bc
J +

acτ(Q)− acσ(Q)

ad − bc
R.

(3)

Observe that relations (1) are recovered for b = c = 0.
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Reordering

An arbitrary word (monomial) a in S and Q can be written as

a = S j1Qk1S j2Qk2 . . . S jrQkr ≡
r∏

t=1

S jtQkt . (4)

a is called normal ordered if all the powers of Q stand to the left,

a =
∑

j ,k∈N0

Ajk(a)Q jSk . (5)

The coefficients Ajk(g) are called normal ordering coefficients of a.
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Main result

If Q and
{
Sj
}
j∈J satisfy SjQ = σj(Q)Sj , then for all positive

integers k and r , and any polynomial F ,

Sk
j F (Q) = F

(
σ◦kj (Q)

)
Sk
j , (6)(

Sk
j F (Q)

)r
=

(
r∏

t=1

F
(
σ◦tkj (Q)

))
Skr
j , (7)

and for all positive integers kt and r , and any polynomials Ft ,

r∏
t=1

Skt
jt
Ft(Q) =

(
r∏

t=1

Ft
(

(σ◦ktjt
◦ · · · ◦ σ◦k1j1

)(Q)
)) r∏

t=1

Skt
jt
, (8)

where σ◦k denotes the k-fold composition of σ with itself.
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Main result

For positive integers k ,N, r , and polynomial F (Q) =
∑N

l=0 flQ
l ,

Sk
j F (Q) =

N∑
l=0

fl

(
σ◦kj (Q)

)l
Sk
j , (9)

(
Sk
j F (Q)

)r
=

∑
(l1,...,lr )∈{0,...,N}r

(
r∏

t=1

flt

)(
r∏

t=1

(
σ◦tkj (Q)

)lt)
Skr
j ,

(10)

and for all kt ,Nt , r ∈ Z+, and polynomials Ft(Q) =
∑Nt

lt=0 fltQ
lt ,

r∏
t=1

Skt
jt
Ft(Q) =

∑
(l1,...,lr )∈I1×...×Ir

 r∏
t=1

flt


·

 r∏
t=1

(
(σ◦ktjt

◦ · · · ◦ σ◦k1j1
)(Q)

)lt r∏
t=1

Skt
jt
,

(11)

where It = {0, . . . ,Nt} for some t = 1, . . . , r , 4 / 9



Example: Three generators

If S , T and Q are elements of an algebra satisfying the relations

SQ = σ(Q)S and TQ = τ(Q)T , (12)

where σ and τ are polynomials, then for all positive integers J, k , l ,

S jT kQ l =
(

(τ◦k ◦ σ◦j)(Q)
)l
S jT k , (13)

(
S jT kQ l

)r
=

 r∏
t=1

(
(τ◦k ◦ σ◦j)◦t(Q)

)lt(S jT k)r , (14)

and for all positive integers jt , kt , lt and r , where t = 1, . . . , r ,

r∏
t=1

S jtT ktQ lt =

 r∏
t=1

(
(τ◦kt ◦ σ◦jt ◦ · · · ◦ τ◦k1 ◦ σ◦j1)(Q)

)lt r∏
t=1

S jtT kt .
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Example: σj(x) = cjx
qj

Let cj ∈ C \ {0}, qj ∈ Z, and let σj be the polynomials

σj(x) = cjx
qj . (15)

Then the general commutation relation becomes

SjQ = cjQ
qjSj . (16)

and for positive integers r , the general reordering formula becomes

r∏
t=1

Skt
jt
Q lt =

 r∏
n=1

c
{kn}qjn

∑r
t=n

(∏t
m=n+1 q

km
jm

)
lt

jn

Q
∑r

t=1

(∏t
n=1 q

kn
jn

)
lt

r∏
t=1

Skt
jt
,

(17)

where {k}q for some complex number q denotes the q-number

{k}q =
k−1∑
j=0

qj =
qk − 1

q − 1
. (18)
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General formula for nested commutators

What is eAeB = eA+B if AB 6= BA? (Baker–Campbell–Hausdorff)

A function f : {1, . . . , n} → R is said to be unimodal if there
exists some ν such that f (1) ≥ · · · ≥ f (ν) ≤ · · · ≤ f (n).

A permutation of [n] ≡ {1, . . . , n} is a bijection f : [n]→ [n].

Proposition

For all positive integers n, we have[
xn,
[
xn−1, . . . , [x2, x1] . . .

]]
=
∑
ρ∈Un

(−1)n−ρ
−1(1)

n∏
ν=1

xρ(ν), (19)

where Un denotes the set of unimodal permutations of {1, . . . , n}.

For n = 2, 3, we have

[x2, x1] = x2x1 − x1x2,[
x3, [x2, x1]

]
= x3x2x1 − x3x1x2 − x2x1x3 + x1x2x3.
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Nested commutator formulas for Sj ,Q-elements

For any positive integers kt , rt , n, and any polynomials Ft , where
t = 1, . . . , n,[
Skn
jn
Fn(Q),

[
S
kn−1

jn−1
Fn−1(Q), . . . ,

[
Sk2
j2
F2(Q),Sk1

j1
F1(Q)

]
. . .

]]
=

=
∑
ρ∈Un

(−1)n−ρ
−1(1)

(
n∏
ν=1

Fρ(ν)

(
(σ
◦kρ(ν)
jρ(ν)

◦ · · · ◦ σ◦kρ(1)jρ(1)
)(Q)

)) n∏
ν=1

S
kρ(ν)
jρ(ν)

,

(20)[(
Skn
jn
Fn(Q)

)rn
, . . . ,

(
Sk1
j1
F1(Q)

)r1]
=
∑
ρ∈Un

(−1)n−ρ
−1(1)

(
n∏
ν=1

rρ(ν)∏
t=1

Fρ(ν)

(
(σ
◦tkρ(ν)
jρ(ν)

◦ σ◦kρ(ν−1)rρ(ν−1)

jρ(ν−1)
◦ · · · ◦ σ◦kρ(1)rρ(1)jρ(1)

)(Q)
)) n∏

ν=1

S
kρ(ν)rρ(ν)
jρ(ν)

.

(21)
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An operator representation

A concrete representation of the relation

SjQ = σj(Q)Sj

is given by Sj 7→ ασj and Q 7→ Qy , where for any polynomial f ,

ασj (f )(y) = f (σj(y)), (22)

Qy (f )(y) = yf (y), (23)

Let a, b, c , d ∈ C with ad 6= bc, and let σ and τ be polynomials.
Then the operators

Rσ,τ (f )(y) =
adf
(
σ(y)

)
− bcf

(
τ(y)

)
ad − bc

, (24)

Jσ,τ (f )(y) =
acf
(
τ(y)

)
− acf

(
σ(y)

)
ad − bc

, (25)

Qy (f )(y) = yf (y), (26)

acting on C[y ] gives a representation of the R, J,Q-elements.
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