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Preliminaries



We work over algebraically closed field K of characteristic zero. All vector spaces are
over K.

A Hom-Lie algebra is a triple (¥, [-,-], &) consisting of a linear space ¥, a bilinear map
[,:]: ¥ x¥ — ¥, and a linear map o : ¥ — ¥ satisfying the skew-symmetry
condition and Hom-Jacobi identity properties. That is for all x,y,z € ¥

(i) [,y =—[yx]
(i) Y [a(x),[»2] =0,

Oxyz
where O, . denotes summation over cyclic permutation on x,y,z.

For a skew-symmetric algebra (#,[-,-]) by a Hom-Lie structure we mean the vector
subspace of all linear twisting maps o that satisfies the Hom-Jacobi identity (ii).
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Let (¥1,[,], ) and (#3,{,-},B) be Hom-Lie algebras. A Hom-Lie algebra morphism

is a linear mapping

f: (7/17['7']’a) - (%a{a}aﬁ)

satisfying the following conditions

(i) £(fx]) = {£(x). £(3)) for all x,y € % , and
(i) foa=pof.

When f satisfies only the first condition (i) we say that f is a weak morphism.
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A Hom Lie-algebra (7,]-,-], @) is said to be:

(i) Multiplicative if « is an algebra morphism.

(i) Regular if a is an isomorphism.

Let (¥,[-,],a) be a Hom-Lie algebra. A Hom-subalgebra is a subspace # C ¥ that is
invariant under the linear o, and closed under bilinear bracket multiplication. That is:

(i) a(#)C W, and
i) [ #)eW.
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Let (#,[-,], &) be a Hom-Lie algebra. A Hom-ideal is a subspace I C ¥ satisfying the

following properties:
(i) a(f) <1
(ii) [V,x] el forallxel
Example 6
Let & = (¥,[-,],a) and B = (#,{-,-},o) be Hom-Lie algebras and f: o/ — 2 be

Hom-Lie algebra morphism and let x € ker(f) and v € ¥ then,
flax)) =a(f(x)) =0(0) =0 = ker(f) is a-invariant. Furthermore,

f(a]) ={f(v),f(x)} = {f(»),0} = 0.

Therefore, ker(f) is a Hom-ideal.
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Structure constants



Let {ei,...,e,} be a basis for #'. The structure constants equation is given by:

A
leisej] = ZC-JeS and ofe;) Zane,, for all C:

lj,at,'EK. (1)
t=1

The skew-symmetry and Hom-Jacobi identity can be rewritten as follows:
n n
(i) Skew-symmetry: [eje;]=—[ej,ei] = ¥ Cje;=— Y Cjes.
s=1 s=1 7

(i) Hom-Jacobi identity

Z [a(ei)a [ejaek]] = Zl ( i i Z atlcj kCt \) =0.

O(i,j k) r=1 Ns=11=10(i,j k)
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This determines a subvariety of K ! defined by the system of polynomial equations
in (2), and is linear in a;; variables

Z an kCts +a1k(c;?,jctry)+all(thCtrv)): ) (2)
for all 1§i<j<k§nand r=1,2,...n.

Equation (2) can be represented in matrix form as .#aq =0, where .# is a (3) -nxn?
matrix and aq, is the column matrix. Therefore, the linear transformation .¥
represented by .Z is

(n— 1) n—2)

2 KPR (3)

For a multiplicative Hom-Lie algebras the weak morphism condition can be written as
follows: Forall 1 <i< j<n,

y Zana,er Zan Z Z (4)

s=1r=
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3-dimensional Hom-Lie Algebras




Let {e1,e2,e3} be a basis for ¥ then, the Hom-Jacobi identity given by the system of
polynomial Equations (2) become

ar (C§,3Ci3 + C§,3C1r,2) +an (- Cf,3c{,3 - C1273C1r,2) +ai3 (Cichs + C12,2C1r,2) +
+a21(C33Ch 5 — Gy 3C1 ) + a2 (C 3C1 ) — €7 3C5 3) +a23(CF1C5 5 — €1 5CF o) +
+az1 (= G307 53— C35Ch ) +ax (CT3C 5 +Ci3CT 5) +azs (=€l ,Cl 3 = C7,Ch5) =0
(5)
for all r=1,2,3 and the linear transformation .Z represented by the matrix .# in (3)
is given by: .7 : K’ — K3.
For the multiplicative Hom-Lie algebras the system of polynomial equations in (4)
become:
(auC,{j +a12Ci%j +a13C2j)e1 + (a21Ci{j +022C%j +a23C§j)e2 + (aglC,{j +a32Ci%j +a33C3j)e3
= (a3ia2;C3 5 + a2ia3,C3 3 )e1 + (aziar ;G5 | +a1ia2;Ct 5)er + (asiar G5,y + ariaz;Ci 3)es

(6)
Forall i,j=1,2,3.



Consider skew-symmetric algebra (¥, [-,]). We aim at constructing all the linear space
of all linear twisting maps o such that the bracket multiplication defined by

le1,e2] = A1ea, [e1,e3] = Aaes, [ez,e3] = Azer, V A1, 42,43 € K (7)

determines 3-dimensional Hom-Lie algebra, and provide all classes and subclasses of
this Hom-Lie algebra.

Example 7
When A;,242,A3 # 0 then, the solution set of (5) is given by
A A A
{aij,1<i,j<3|ax= —chm,am = ;T;amaﬂ = _)Tiau}

and the resulting Hom-Lie structure is of dimension 6 given by the matrix

ap app a3
A
[a] = Bna3  an a3

A A
—%ai2 axn —3an
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Furthermore, solving (5) and (6) simultaneously we obtain the following subsets of the
linear space of linear twisting maps .

1 0 0
(a) When Ay # +2, for all A1, 42,43 #0, [@]= |0 a0 |, wheread, =~
0 0 —%an

(b) When A; = —A4, for all A1,42,43 # 0, then, a is given by:
(—1+a11)(1+a)l3

arl T hank als
(i) %013 —5(1+an) —(1121’}2)/13 , for a;3 #0,a1; # —1
— _ 2
ol Ceagfloms (1,
| a0 -1 0 o) (v
@ o o L 0 0
Gy [ o 1 0 an o 1 o
__&;alz __ﬁﬁﬂz -1 0 ax O
A A3 for 032750 0

11/24



(c) When A = A, for all 41,242,453 # 0 then, « is given by:

1 0 0 1 0 0
(i) 0 an 71273“2%2 for asn 7é 0 (ii) 0 ax 0 where a%z =—1.
0 azx» —axn 0 0 —axn

Multiplicative Hom-Lie algebras arising from simple Lie algebras of s((2)-type with
non-zero twisting maps are regular Hom-Lie algebras.
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Solvability and Nilpotency of Hom-Lie
Algebras




We explore more properties of Hom-Lie algebras through its derived series and central
descending series of an ideal I in 7.

Let (¥,[, ], &) be a Hom-Lie algebra, and I C ¥ be an ideal of 7.

(i) A derived series of an ideal I is defined as
D°(I) =1 and D*"1(1) = [D*(1),D¥(1)], (8)
(ii) A central descending series of I is defined as
C(1) =1 and (1) = [cX(1),1). (9)

Furthermore, [ is said to be solvable (resp. nilpotent ) of at most class k if D¥(I) = {0}
(resp. CK(I) ={0} ) and D*='(I) # {0} ( resp. C¥=1(I) # {0} ) for some k € Z~.
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Solvability and Nilpotency of Hom-Lie Algebras

Lemma 10
Let (V,[-,-],a) be a Hom-Lie algebra, and I be an ideal of ¥ for some k € Z>, we

have the following:
(i) D11 € DM(),
(i) k(1) C k).
Lemma 11
Let o7 = (V,[-,-]) be a skew-symmetric algebra.
(i) If o7 is nilpotent, then Z(<7) is not trivial.
(ii) Ifdim o/ =3, then dim Z(</) =0 ordim Z(</) =1 or Z() = .
Proposition 12

Let o7 = (V,[-,-],a) be 3-dimensional Hom-Lie algebra, then < is class 2 nilpotent if
and only if dimZ(</) =1 and C' (/) = Z(). 14/24



Solvability and Nilpotency of Hom-Lie Algebras

Corollary 13
Let of be a skew-symmetric algebra:
(1) < is nilpotent of class at most r if and only if for all 1 <kg,....k, <n,1 <ty <n,

n
=1

n r—2

Z (H k17lj+l) ]t;r 1l7kr 0. (10)

trllj

(2) < is solvable of class at most r if and only if for all 1 <kj,... ko <n,

Yo ¥ (H &) H ) —o (11)

to=1 tyr_3=1
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Let o/ be a skew-symmetric algebra. If <7 is nilpotent (resp. solvable) of class at most
r then, the resulting algebraic subvariety in (Clk ;)i<j variables is determined by n"+?
(resp. n**1 ) homogeneous polynomial equations of degree r, (resp. 2" —1 ).

Let o7 = (V¥ ,[-,-]) be n-dimensional skew-symmetric algebra and o. € End(¥') be a
Hom-Lie structure on V. If o is class 2 nilpotent, then linear space of Hom-Lie

structures is of dimension n?®.

Example 16
Consider 3-dimensional skew-symmetric algebra &7 = (¥, [-,-]) with the bracket
multiplication defined as [ez,e3] = Ae;. Then, C'(¥) = Z(?') = span{e;}. Therefore,
&/ is class 2 nilpotent. Moreover, the linear space of Hom-Lie structure is of dimension
9.
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Hom-subalgebras and Hom-ideals




We present some classes of non-multiplicative Hom-Lie algebras with the properties
that their derived series and central descending series are ¢t-invariant. We give
instances when these derived algebras are Hom-subalgebras and Hom-ideals.

Let o7 =(V,[-,],a) be a Hom-Lie algebra, and let I C ¥ be a Hom-ideal.

(i) Then D'(I) and C'(I) are weak-ideals of o7 .

(ii) For alln € Z>o, D"(I), and C"(I) are weak subalgebras of ¥ and if in addition, </
is multiplicative, then the subspaces D"(I) and C"(I) are Hom-subalgebras of </ .

Let (¥,[-,"], o) be a multiplicative Hom-Lie algebra and I be Hom-ideal of ¥". If the
linear map o is surjective then, for all n € Z>o, D"(I) and C"(I) are Hom-ideals.
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Table 1: The linear space of Hom-Lie structures of generalized Hom-Lie algebras of sl(2)-type,

multiplicative Hom-Lie algebras, Hom-ideals, and solvability and nilpotency properties.

Structure | [a] such that (¥,[-,-],c) is a |Derived Series, Central| [a] such that C"(¥), D"(¥) |1-dim weak ideal and [e] that|[a] such that (7,[-,],c) is multiplica-
Constants Hom-Lie algebra descending series of 7 are @-invariant turn them into Hom-ideals |tive
Not nilpotent
Class-3-Solvable
Forall r>1
C"(¥) = span{ey,e3} ay) =ax3=0
arl a2 a3 :Dl('f/) al a2 a3 0 0 0
2 =0 a1 0 an Weak ideal 0 0 0 0o 0 o0
A
M. 23 #0 *%012 a3 433 ’ﬁ“lZ a3 433 0 a0
a3 =ax3 =0
Dz(y/):span{ng) apy app 0
Not weak ideal apy 0 0
)
’K“IZ a32 a33
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Not nilpotent
Class-3-Solvable

For r> 1
=0 C"(7) =span{e| ey } a3) =azp =0
223 #0 —pl(») apy app a3 o o
a a a
3 2 Weak ideal Tas a3 0
Eam ay a3 VO 0 0 a3
) 0o 0
azy azy 0
ajy =azy =0
D2(¥) = span{e; } a 0 ap
Not weak ideal ﬂa a a
73913 22 23
a3 0 0
Not nilpotent
Class-2-Solvable
A3=0 span{cpen +c3e3} A #Ehy
MM #£0| [agy 0 0 ap 0 0 ap 0 0
For r>1 1 0 0
ay ap a3 " () — span @1 e a3 ay ap a3
a1 ap a3 cm :S'f“"{ez“?} a1 ey ay a ayp “r a0
=D(7) where 31 0 33
Hom-ideal _ (<3 _
E=apt s a3 w0 0
span{ep } a1
ar 0 0 a3 0 0
a1 ap  ap
2
a3l 0 a3 @1 0 0
Sp““g‘@} . ay| 0o 0
“ a1 a0
ayr axp
a1 93 433 % 0 0
a0 axy
az| 0 0
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M =2y

1 0
a1 a2
31 432

1 0
a1 a2
31 a32

1 0
a1 a2
a3y 0

1 0
azy 0
31 a32

A=Ay
-1 0
az| 0
a31 a32

a23
433

33
o8 2 ¢
~ NN _

Modg =0
A3 £0

apy
a]
431

a2
a2
a32

a3
a3
azy

Class-2-nilpotent
Class-2-Solvable

c! (7) = span{e; }
=pl(»)
Weak ideal

a1
a1

=a3; =0
a2 a3
ap a3
a3 433

arl
0
0

span{ey }
a2
a2
a32

a3
a3
a33

a22a33 — 23033

0
0

a2 a3
a2 a3
az a33
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Not nilpotent
Class-2-Solvable

span{e; }
Mz =0| (ay 0 ap For r> 1 aj3=axy3 =0 apy 0 0 0 0 o0
M #0 ay ap Ay CT(¥) = span{es} ar 0 0 ay  ap  ax a  ap 0
a31 a3 a3 =pl(») a a 0 a31 0 a3 a3) a4z 0
Weak ideal 21 2 span{es}
azy  azyp as m 0 0 1 0 0
ay  ay 0 a4 0
a1 ey an ar 0 e
apy 0o 0
ay ap 0
a3 0o 0
Not nilpotent
Class-2-Solvable
spanfe, }
23 =0| fay a0 cl () = spanfep} apy =azp =0 apy 0 0 0o 0 o0
A #0 apl ap a3 =pl(») apy 0 0 a1 ap a3 a0 ay
a3y azy azy Weak ideal ay| ayy a3 a3y 0 as3 a3y 0 azz
31 0 a3 span{es }
1 0 0
ajpap o
a ax 0 apy ‘1(2]2 0
a1 ap ay 1 33
ary 0 0
@ 00
a1 0 a3z
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Remarks

(i) In both cases 1 and 2, the triple (#,[-,-], &) defines a Hom-Lie algebra. However,
the bilinear bracket multiplication do not define a Lie algebra.

(ii) In Case 3, we note that this algebra not Hom-simple in general, because there
exists a Hom-ideal I = span{e;,e3}.
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Thank you!

24/24



	 Preliminaries
	Structure constants
	 3-dimensional Hom-Lie Algebras
	Solvability and Nilpotency of Hom-Lie Algebras
	Hom-subalgebras and Hom-ideals

