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Notation and terminology

n-ary algebras

An n-ary algebra (A, [ ]) over a field F is a linear space A equipped with an
n-linear operation [ ] : An → A.

▶ During this talk, all our fields have characteristic 0.

Skew-symmetry

Let σ ∈ Sn. An n-ary product [ ] : An → A is skew-symmetric if

[x1, . . . , xn] = (−1)sgn(σ)[xσ(1), . . . , xσ(n)]

An algebra equipped with a skew-symmetric product is skew-symmetric.

Adjoint multiplication

The adjoint by x of [ ] in position k ∈ {1, ..., n} is the (n − 1)-linear map
adk,x : (y1, . . . , yn−1) → [y1, . . . , yk−1, x , yk , . . . , yn−1].
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n-Lie algebras

n-Lie algebras [Fil85]

An n-Lie algebra is an n-ary skew-symmetric algebra (A, [ ]) verifying the
n-Nambu-Filippov identity:

[[x1, . . . , xn], y2, . . . , yn] =
n∑

i=1

[x1, . . . , xi−1, [xi , y2, . . . , yn], xi+1, . . . , xn]

This identity reads: ”the adjoint multiplication is a derivation”.

▶ Certain generalizations (mine, in particular) raise as expansions on the form
and properties of this identity.
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The Jacobian determinant

The Jacobian determinant
The Jacobian of a differentiable function f : Rn → Rn is the determinant of the
Jacobian matrix of partial derivatives.

[f1, . . . , fn] :=

∣∣∣∣df (x1, . . . , xn)d(x1, . . . , xn)

∣∣∣∣ =
∣∣∣∣∣∣∣∣∣∣

∂f1
∂x1

. . .
∂f1
∂xn

...
. . .

...
∂fn
∂x1

. . .
∂fn
∂xn

∣∣∣∣∣∣∣∣∣∣
Jacobian of a commutative associative algebra

Given {D1, . . . ,Dn} pairwise commuting derivations of (A, ·), the Jacobian
product [ ]J is defined by

[x1, . . . , xn]J = |Dj(xi )| =

∣∣∣∣∣∣∣
D1(x1) . . . Dn(x1)

...
. . .

...
D1(xn) . . . Dn(xn)

∣∣∣∣∣∣∣ .
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The n-Lie algebra of Jacobians

Theorem [Fil85, Theorem 1]

Let (A, ·) be a commutative associative algebra, {D1, . . . ,Dn} pairwise
commuting derivations of (A, ·). The Jacobian algebra (A, [ ]J), where
[x1, . . . , xn]J = |Dj(xi )|, is an n-Lie algebra.

There are two important aspects to consider on this construction:

▶ The derivatives {D1, . . . ,Dn} commute.

▶ The derivatives {D1, . . . ,Dn} are usual (untwisted).

Immediate question

Jacobian using twisted derivations ⇒ Hom-algebraic version of this?
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The n-HLA of Jacobians

Theorem ([GB23])

Let (A, ·) be commutative associative algebra, {D1, . . . ,Dn} pairwise commuting
(α, α)-derivations which commute with α, [ ]g the Jacobian built using
{D1, . . . ,Dn}. The triple (A, [ ]g , α), is a skew-symmetric n-ary hom-algebra
satisfying the n-hom-Nambu-Filippov identity:

[[x1, . . . , xn]g , α(y2), . . . , α(yn)]g

=
n∑

i=1

[α(x1), . . . , α(xi−1), [xi , y2, . . . , yn]g , α(xi+1), . . . , α(xn)]g

The triple (A, [ ]g , α) is known as n-hom-Lie algebra.

▶ This identity reads (informally): ”The adjoint is an (α, α)-derivation.”

▶ It is only natural to wonder whether these are just twists of n-Lie algebras.
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Twisting Filippov’s algebra

Yau twist
Let (A, [ ]) be an algebra, α a homomorphism of A. Then (A, α ◦ [ ], α) is a
hom-algebra of the same type.

Example

If {D1, . . . ,Dn} are pairwise commuting derivations of (A, [ ]) and α a
homomorphism, then {α(D1), . . . , α(Dn)} are (α, α)-derivations.

▶ Take the Jacobian with {α(D1), . . . , α(Dn)}: by multiplicativity of α,

[x1, . . . , xn]g = |α(Dj(xi ))| = α(|Dj(xi )|) = α ◦ [x1, . . . , xn]J .

▶ (A, [ ]g , α) is the Yau twist of the n-Lie algebra (A, [ ]J).



Generalization of
n-hom-Lie algebras

German Garcia
Butenegro

Introduction

n-Lie algebras

The n-LA of Jacobians

Hom-algebras

The n-HLA of Jacobians

A new generalization?

A new generalization?

We extend Filippov’s construction to (σ, τ)-derivations commuting with σ and τ .

Theorem [GB23]

Let (A, ·) be commutative associative, D1, . . . ,Dn pairwise commuting
(σ, τ)-derivations commuting with σ and τ and [ ]g the Jacobian determinant
with D1, . . . ,Dn. If ∆s = 0, then1 (A, [ ]g , σ, τ) is an n-ary skew-symmetric
algebra verifying, for all x1, . . . , xn, y2, . . . , yn ∈ A,

[[x1, . . . , xn]g , τ(y2), . . . , τ(yn)]g

=
n∑

i=1

[τ(x1), . . . , τ(xi−1), [xi , y2, . . . , yn]g , σ(xi+1), . . . , σ(xn)]g

▶ This property reads (informally): ”The adjoint is a (τ, σ)-derivation.”

▶ This is no n-Lie nor n-ary hom-Nambu-Lie algebra!

1∆s is a relatively hefty sum of determinants.



Generalization of
n-hom-Lie algebras

German Garcia
Butenegro

Introduction

n-Lie algebras

The n-LA of Jacobians

Hom-algebras

The n-HLA of Jacobians

A new generalization?

Comparing

There are different skew-symmetric generalizations of n-Lie algebras:

▶ n-hom-Lie:

[[x1, . . . , xn], α(y2), . . . , α(yn)]

=
n∑

i=1

[α(x1), . . . , α(xi−1), [xi , y2, . . . , yn], α(xi+1), . . . , α(xn)]

▶ n-ary hom-Nambu-Lie:

[[x1, . . . , xn], α1(y2), . . . , αn−1(yn)]

=
n∑

i=1

[α1(x1), . . . , αi−1(xi−1), [xi , y2, . . . , yn], αi (xi+1), . . . , αn−1(xn)]

The algebras I found do not match any of these types!
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Definition

(α, β, n)-hom-Lie algebras

A quadruple (A, [ ], α, β), where A is a linear space, [ ] skew-symmetric n-linear
product, α, β : A → A linear maps, where for all x1, . . . , xn−1, y1, . . . , yn ∈ A the
(α, β, n)-hom-Nambu-Filippov identity holds:

[[x1, . . . , xn], α(y2), . . . , α(yn)]

=
n∑

i=1

[α(x1), . . . , α(xi−1), [xi , y2, . . . , yn], β(xi+1), . . . , β(xn)]

is an (α, β, n)-hom-Lie algebra. It is α-multiplicative (resp. β) if α (resp. β) is
multiplicative.

▶ An (α, α, n)-hom-Lie algebra is n-hom-Lie with twisting map α.
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Do these algebras exist non-trivially?
Hint: If they did not, this presentation would be on hom-associative algebras.

The problem of structure constants

Given a basis {e1, . . . , ed} of an n-ary algebra:

▶ Compute the product in terms of basis elements as [ei , ej ] =
d∑

q=1
cqij eq.

▶ Fix some twisting maps: α(ej) =
d∑

q=1
ajqeq, β(ej) =

d∑
q=1

bjqeq

▶ Compute skew-symmetry: cqij + cqji = 0,

▶ Compute the (α, β, n)-hom-Nambu-Filippov identity. In n = 2, it looks like:

d∑
q=1

d∑
q1=1

cqj1j2aq1i1c
r
q1q −

d∑
q=1

d∑
q1=1

cqi1j1bq1j2c
r
qq1 −

d∑
q=1

d∑
q1=1

cqi1j2aq1j1c
r
q1q = 0,

For each r ≤ m, this defines a system of equations in the ajq, bjq and cqij , whose
solutions provide the product rules (if any) of such algebras.
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Do these algebras exist non-trivially?

The system of structure constants has d2n equations with dn+1 + 2d2 unknowns
(which become d

(d
n

)
+ 2d2 if skew-symmetric).

We have studied α and β simultaneously diagonalizable, n = 2 and d = 4: there
are 220 configurations.

▶ Some, but not all, of them are isomorphic (as hom-algebras).

▶ Some (but not all!) of them are Lie/hom-Lie algebras.

This is due to the skew-symmetry and the asymmetry of the
(α, β, n)-hom-Nambu-Filippov identity. The identities are not totally
incompatible, especially considering that idA is itself diagonalizable.

Open/ongoing question

Classify these algebras up to (hom-algebraic) isomorphism. Many classes we
have found are permutations of one another.
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Bi-generalized Leibniz rule

Bi-generalized derivations

A skew-symmetric (n − 1)-linear map D : An−1 → A is a bi-generalized
derivation of (A, [ ], α, β) if

(ii) : [α(x1), . . . , α(xn−1),D(y1, . . . , yn−1)]−[β(y1), . . . , β(yn−1),D(x1, . . . , xn−1)]

=
n−1∑
i=1

D(α(y1), . . . , α(yi−1), [x1, . . . , xn−1, yi ], β(yi+1), . . . , β(yn−1)),

(iii) : D(α(x1), . . . , α(xn−2), [y1, . . . , yn])

=
n∑

i=1

[α(y1), . . . , α(yi−1),D(x1, . . . , xn−2, yi ), β(yi+1), . . . , β(yn)],

(iv) : D(α(x1), . . . , α(xn−2),D(y1, . . . , yn−1))

=
n−1∑
i=1

D(α(y1), . . . , α(yi−1),D(x1, . . . , xn−2, yi ), β(yi+1), . . . , β(yn−1)),
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Bi-generalized derivations

This definition expands generalized derivations introduced in [Song17].

Example: binary

In arity 2, we have (α, β)-derivations:

(ii) : [α(x1),D(y1)]− [β(y1),D(x1)] = D([x1, y1])

⇒ D([x1, y1]) = [D(x1), β(y1)] + [α(x1),D(y1)]

(iii) : D([y1, y2]) = [D(y1), β(y2)] + [α(y1),D(y2)]

(iv) : D(D(y1)) = D(D(y1)).

▶ These properties start in (ii) because property (i) of generalized derivations
for n-hom-Lie algebras [Song17] is multiplicativity of α with respect to D.
This makes it so (A,D, α) is a multiplicative (n − 1)-hom-Lie algebra.
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Left adjoints

Following [Song17], I want to examine the statement: ”the adjoint is a
bi-generalized derivation”:

Theorem (Left adjoint)

Let ad1,x : (y1, . . . , yn−1) 7→ [x , y1, . . . , yn−1] be the left adjoint operator of
(A, [ ], α, β) and x ∈ A such that ad1,α(x)−x = 0. Then:

1. ad1,x is a bi-generalized derivation over (A, [ ], α, β).

2. (A, ad1,x , α, β) is an (α, β, n − 1)-Hom-Lie algebra.

3. If (A, [ ], α, β) is α-multiplicative, so is (A, ad1,x , α, β).

4. If (A, [ ], α, β) is β-multiplicative and ad1,β(x)−x = 0, so is (A, ad1,x , α, β).

Theorem (Left adj. by eigenelements)

If ad1,α(x)−λx = 0, λ ̸= 0, then (A, ad1,x , α, β) is an (α, β, n − 1)-hom-Lie
algebra. Also, ad1,x is a bi-generalized derivation if and only if λ = 1.
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Right adjoints

The right adjoint adn,x can be seen as ad1,±x depending on n, but we use it to
examine the action of fixed points of β.

Theorem (Right adjoint)

Let adn,x : (y1, . . . , yn−1) 7→ [y1, . . . , yn−1, x ] be the right adjoint operator of
(A, [ ], α, β) and x ∈ A such that adn,β(x)−x = 0. If x ∈ α(A), then:

1. (A, adn,x , α, β) is an (α, β, n − 1)-hom-Lie algebra.

2. If adn,α(x)−x = 0, then adn,x is a bi-generalized derivation of (A, [ ], α, β).

3. If α is multiplicative, (A, adn,x , α, β) α-multiplicative if and only if
adn,α(x)−x = 0.

4. If β is multiplicative, then (A, adn,x , α, β) is β-multiplicative.

These properties hold if α is surjective, and moreover if α(x) = x = β(x).
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Extensions by skew-symmetric maps
For some skew-symmetric (n − 1)-linear maps {D1, . . . ,Dm} : A → A, define a
skew-symmetric bracket [ ]Σm as:

[x1 +
m∑
i=1

k1iDi , . . . , xn +
m∑
i=1

kniDi ]Σm

= [x1, . . . , xn] +
m∑
j=1

n∑
i=1

(−1)i−1kjiDj(x1, . . . , x̂i , . . . , xn),

and the following linear maps:

αΣm, βΣm : AΣm → AΣm

αΣm : x +
m∑
i=1

kiDi → α(x) +
m∑
i=1

kiDi

βΣm : x +
m∑
i=1

kiDi → β(x) +
m∑
i=1

kiDi .
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Extensions by skew-symmetric maps

Theorem
Let (A, [ ], α, β) an (α, β, n)-hom-Lie algebra and {D1, . . . ,Dm} : An−1 → A
skew-symmetric (n − 1)-linear maps. The algebra (AΣm, [ ]Σm, αΣm, βΣm) is an
(αΣm, βΣm, n)-Hom-Lie algebra if and only if the following two conditions hold:

1. Dj is a bi-generalized derivation on A for all j ∈ {1, . . . ,m}.
2. For all x1, . . . , xn−1, y1, . . . , yn−1 ∈ A and all j , k ∈ {1, . . . ,m}:

Dj(α(x1), . . . , α(xn−2),Dk(y1, . . . , yn−1))

=
n−1∑
i=1

Dk(α(y1), . . . , α(yi−1),Dj(x1, . . . , xn−2, yi ), β(yi+1), . . . , β(yn−1)).

Multiplicativities of (AΣm, [ ]Σm, αΣm, βΣm) and (A, [ ], α, β) are equivalent.
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Extensions by skew-symmetric maps

What is compatibility?

The compatibility condition

Dj(α(x1), . . . , α(xn−2),Dk(y1, . . . , yn−1))

=
n−1∑
i=1

Dk(α(y1), . . . , α(yi−1),Dj(x1, . . . , xn−2, yi ), β(yi+1), . . . , β(yn−1))

seems to imply that Dj must be a bi-generalized derivation on each and every
”intermediate” extension which does not include Dj .

▶ Intuitively this makes sense, we can extend one Di at a time or all at once.

Theorem
The Dj satisfy the compatibility condition if and only if Dj is a bi-generalized
derivation of the one-step extensions (Ak , [ ]k , αk , βk) for all j ̸= k .
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Trace-induced extensions

Generalized trace operators

A [ ]-trace on an n-ary algebra (A, [ ]) is a linear functional τ : A → F such that
τ([x1, . . . , xn]) = 0 for all x1, . . . , xn ∈ A.

Any such τ induces an (n + 1)-linear skew-symmetric bracket as

[x1, . . . , xn+1]τ =
n+1∑
k=1

(−1)kτ(xk)[x1, . . . , x̂k , . . . , xn+1].

It is naturally desirable to find out which [ ]-traces will preserve the
(α, β, n)-hom-Lie structure.

▶ And of course, some of them do.
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Trace-induced extensions

Compatibility conditions

A [ ]-trace τ : A → F is compatible with α and β if, for all x , y ∈ A:

τ(α(x))τ(y) = τ(x)τ(α(y)) = τ(x)τ(β(y)) (C1)

τ(α(x))α(y) = τ(β(x))β(y) (C2)

τ(α(x))β(y) = τ(β(x))α(y) (C3)

Compatible [ ]-traces

Let β ̸= α. A [ ]-trace τ is compatible with α and β if and only if
τ ◦ α = τ ◦ β = 0.

▶ If α = β, compatibility is given by τ ◦ α = τ instead.
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Trace-induced extensions

Theorem
Let (A, [ ], α, β) be an (α, β, n)-hom-Lie algebra, τ : A → F a [ ]-trace operator
and [ ]τ the (n + 1)-ary bracket given by

[x1, . . . , xn+1]τ =
n+1∑
k=1

(−1)kτ(xk)[x1, . . . , x̂k , . . . , xn+1].

If τ ◦ α = τ ◦ β = 0, then (A, [ ]τ , α, β) is an (α, β, n + 1)-hom-Lie algebra.

Open/ongoing question

For which α and β is there a compatible [ ]-trace? Are the trace conditions
compatible with the (α, β, n)-hom-Lie structure?
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Trace-induced extensions and BGDs

A trace-induced extension need not be an (α, β, n)-hom-Lie algebra, but we can
extend the definition of bi-generalized derivation to skew-symmetric algebras.

Lemma
Let (A, [ ], α, β) be an (α, β, n)-hom-Lie algebra, τ : A → F be a [ ]-trace
operator and (A, [ ]τ , α, β) be the skew-symmetric hom-algebra induced by τ .
Then [ ] is a bi-generalized derivation on (A, [ ]τ , α, β) if and only if

n∑
i=1

τ(yi )[β(y1), . . . , β(yi−1), [x1, . . . , xn], β(yi+1), . . . , β(yn)]

=
n∑

i=1

τ(yi )[α(y1), . . . , α(yi−1), [x1, . . . , , xn], β(yi+1), . . . , β(yn)]

for all x1, . . . , xn, y1, . . . , yn ∈ A.
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Trace-induced extensions and BGDs

Arcane as this condition looks, it blends together the ideas in [Song17] and
[Arn11] quite nicely.

Theorem
Let (A, [ ], α) be an n-hom-Lie algebra, τ be a [ ]-trace operator compatible with
α, and (A, [ ]τ , α) be the (n + 1)-hom-Lie algebra induced by τ . Then [ ] is a
generalized derivation of (A, [ ]τ , α).

Open/ongoing question

In n-hom-Lie algebras, the [ ]-trace reverts the contraction
(A, [ ], α) 7→ (A,D, α). Can we find certain operators that enable this reversion
for (α, β, n)-hom-Lie algebras?
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If you made it thus far:

Thank you for your attention!
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