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Conventions

Today, �ring� means �unital associative ring�.
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Rank conditions

Vector spaces: The �dimension theorem� etc.

Linear algebra basics for the R-vector space Rn

(A) Any linearly independent set in Rn has cardinality ≤ n.

(B) Any generating/spanning set for Rn has cardinality ≥ n.

(C) If Rn ∼= Rm as vector spaces, then n = m.
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Rank conditions

Free modules: Rank conditions etc.

More generally

Let R be a unital ring and consider Rn as a right R-module. Consider the
following properties:

(A) Any linearly independent set in Rn has cardinality ≤ n.

(B) Any generating set for Rn has cardinality ≥ n.

(C) If Rn ∼= Rm as right R-modules, then n = m.

Remark

One can show that (A) =⇒ (B) =⇒ (C).
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Rank conditions

Free modules: Reformulations of (A), (B) and (C)

De�nition (The right strong rank condition)

A ring R is said to satisfy the right strong rank condition if whenever there
is a right R-module monomorphism Rn → Rm, we must have n ≤ m.

De�nition (The rank condition / Unbounded generating number)

A ring R is said to satisfy the rank condition (or have UGN) if whenever
there is a right R-module epimorphism Rn → Rm, we must have n ≥ m.

De�nition (Invariant basis number)

A ring R is said to have IBN if whenever Rn ∼= Rm as right R-modules, we
must have n = m.

Example

A commutative ring satis�es all of these properties.
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Rank conditions

Left versions and implications

There are obviously also left versions of the three properties!

Remark

IBN and the rank condition are both left-right symmetric.

However, we need to distinguish between the left strong rank

condition and the right strong rank condition!

The following implications hold for a ring R:

left/right strong rank condition =⇒ rank condition =⇒ IBN

Proof of the �rst implication.

Suppose that R satis�es the right/left strong rank condition. Let
α : Rn → Rm be an R-module epimorphism. The map α must split, i.e.
there is an R-module monomorphism β : Rm → Rn such that
α ◦ β = idRm . In particular, m ≤ n.
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Rank conditions

A matrix characterization of the rank condition

Proposition

A ring R does not satisfy the rank condition if and only if, for some

integers n > k > 1, there exist an n× k matrix A and a k × n matrix B
(with coe�cients in R) such that AB = In.

Remark

If f : S → R is a ring morphism, and R satis�es the rank condition, then
so does S.
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Rank conditions

A matrix characterization of the strong rank condition

Proposition

A ring R satis�es the right strong rank condition if and only if, for any

integers m < n and {ai,j}i=1,...,m;j=1,...,n ⊆ R, there is a nonzero solution

(x1, . . . , xn) ∈ Rn for the system of equations
a1,1x1 + a1,2x2 + · · · + a1,nxn = 0
a2,1x1 + a2,2x2 + · · · + a2,nxn = 0
...

. . .
...

am,1x1 + am,2x2 + · · · + am,nxn = 0.

Remark

In other words: Every underdetermined system of linear equations
(with coe�cents in R) has a nonzero solution!

The left strong rank condition has an analogous characterization.

Johan Öinert (BTH/HiS) Rank conditions for rings 2025-03-28 11 / 32



Rank conditions

Example: The Leavitt algebra R := L(1, 2)

Consider the following Leavitt algebra:

R := C⟨a, b, a∗, b∗|a∗b = 0, b∗a = 0, a∗a = 1, b∗b = 1, aa∗ + bb∗ = 1⟩

De�ne f : R → R2 by
f(r) := (ra, rb)

and g : R2 → R by
g(r1, r2) := r1a

∗ + r2b
∗.

Note that

(f ◦ g)(r1, r2) = f(g(r1, r2)) = f(r1a
∗ + r2b

∗) =
((r1a

∗ + r2b
∗)a, (r1a

∗ + r2b
∗)b) = (r1, r2), and

(g ◦ f)(r) = g(f(r)) = g(ra, rb) = raa∗ + rbb∗ = r.

Conclusion: R ∼= R2 as left R-modules.
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Rings associated with graphs

Some rings associated with graphs

Path rings

Cohn path rings

Leavitt path rings

Relative Leavitt path rings1

1a.k.a. Relative Cohn path rings
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Rings associated with graphs

R-rings and R-algebras

De�nition (G. M. Bergman)

Let R be a ring. A ring S is said to be an R-ring if S is an R-R-bimodule
such that the following three conditions are satis�ed for all s, s′ ∈ S and
r ∈ R:

1 (ss′)r = s(s′r);
2 (rs)s′ = r(ss′);
3 (sr)s′ = s(rs′).

Remark

Let R be a commutative ring. An R-algebra, in the traditional sense, is an
R-ring S such that rs = sr for all r ∈ R and s ∈ S.
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Rings associated with graphs

Path rings

De�nition

Let E = (E0, E1) be a directed graph and let R be a unital ring. The path

ring RE is the R-ring generated by the set E0 ∪ E1 subject to the
following relations:
(a) rv = vr and re = er for all v ∈ E0, e ∈ E1, and r ∈ R;
(b) vw = δv,wv for all v, w ∈ E0;
(c) e = s(e)e = er(e) for all e ∈ E1;
(d)

∑
v∈E0 v = 1.

Remark

To get unitality we require that E0 is �nite.
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Rings associated with graphs

Relative Leavitt path rings

Reg(E) := {v ∈ E0 : 0 < |s−1(v)| < ∞} is the set of regular vertices.

De�nition

Let E = (E0, E1) be a directed graph, let R be a unital ring, and let
V ⊆ Reg(E). The relative Leavitt path ring of E over R with respect to

V , denoted LV
R(E), is the R-ring generated by E0 ∪E1 ∪ (E1)∗ subject to

the following relations:
(a) rv = vr and re = er for all v ∈ E0, e ∈ E1, and r ∈ R;
(b) vw = δv,wv for all v, w ∈ E0;
(c) e = s(e)e = er(e) for all e ∈ E1;
(d)

∑
v∈E0 v = 1;

(e) e∗ = r(e)e∗ = e∗s(e) for all e ∈ E1;
(f) e∗f = δe,fr(e) for all e, f ∈ E1;
(g)

∑
e∈s−1(v) ee

∗ = v for every v ∈ V .
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Rings associated with graphs

Leavitt path rings and Cohn path rings

De�nition

L
Reg(E)
R (E) is called the Leavitt path ring of E over R and written

LR(E).

L∅
R(E) is called the Cohn path ring of E over R and written CR(E).

Remark

In the rest of the literature, our relative Leavitt path rings are usually called
relative Cohn path rings and are denoted CV

R (E) instead of LV
R(E).

Recommended book

G. Abrams, P. Ara, and M. Siles Molina,
Leavitt path algebras,
Lecture Notes in Math. 2191, Springer (2017).
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Rings associated with graphs

Some basic examples

Example

Consider the graph:
E : •

��

Then LR(E) ∼= R[t, t−1] and RE ∼= R[t].

Example

Consider the graph:

E : • // • // •

Then LR(E) ∼= M3(R).
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Our main results

Hereditarity, saturation, cycles, exclusivity etc.

A quasiordering (re�exive and transitive) on E0:
We write v ≥ w, for v, w ∈ E0, if there is a path from v to w.
If X ⊆ E0, then we write

T (X) := {v ∈ E0 : there is an x ∈ X such that x ≥ v}.
M(X) := {v ∈ E0 : v ≥ x for some x ∈ X}.

A subset X ⊆ E0 is ...
... hereditary if T (X) ⊆ X.

... saturated if, for any regular vertex v, r(s−1(v)) ∈ X ⇒ v ∈ X.

A cycle is a path e1 · · · en of length n > 0 such that s(e1) = r(en)
and s(ei) = s(ej) ⇔ i = j.

A cycle is exclusive if it fails to share any vertex with any other
distinct cycle.
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Our main results

V -saturation

De�nition

Let E = (E0, E1) be a directed graph and V a subset of Reg(E0). A
set X ⊆ E0 is V -saturated if, for all v ∈ V , we have

r(s−1(v)) ∈ X =⇒ v ∈ X.

The smallest V -saturated subset of E0 that contains X is known as
the V -saturated closure of X.

Remark

The V -saturated closure of X can be described as ∪∞
k=0Λ

V
k (X) where

ΛV
0 (X) := X

and, for k ≥ 1,

ΛV
k (X) := ΛV

k−1(X) ∪ {v ∈ V : r(s−1(v)) ∈ ΛV
k−1(X)}.
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Our main results The rank condition

The rank condition for path rings

Theorem

Let E be a nonempty directed graph with E0 �nite, and let R be a ring.

Then RE satis�es the rank condition if and only if R satis�es the rank

condition.

Proof.

�only if� statement: Easy.
�if� statement: Suppose that R satis�es the rank condition. Let v ∈ E0

and de�ne the R-module epimorphism πv : RE → R by, for every x ∈ RE,
taking πv(x) to be the coe�cient of v in the unique representation of x as
a linear combination of the elements of Path(E). Then πv : RE → R is
also a ring epimorphism. Hence, RE satis�es the rank condition.
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Our main results The rank condition

The rank condition for Leavitt path rings

Theorem

Let R be a ring and E a directed graph with �nitely many vertices. Let X
be the smallest hereditary and saturated subset of E0 containing all the

vertices of all the cycles of E. Then the statements (i), (ii), and (iii) below

are equivalent.

(i) LR(E) satis�es the rank condition.

(ii) R satis�es the rank condition, and gn(LR(E)) > 1.
(iii) R satis�es the rank condition, and at least one of the statements (1)

or (2) holds:
1 X ̸= E0;
2 E contains an exclusive maximal cycle.
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Our main results The rank condition

The rank condition for relative Leavitt path rings

Theorem

Let R be a ring and E a directed graph with �nitely many vertices. Let V
be a subset of Reg(E). De�ne X to be the smallest hereditary and

V -saturated subset of E0 that contains all the vertices of all the cycles of

E. Then the statements (i), (ii), and (iii) below are equivalent.

(i) LV
R(E) satis�es the rank condition.

(ii) R satis�es the rank condition, and gn(LV
R(E)) > 1.

(iii) R satis�es the rank condition, and at least one of the statements (1)
or (2) holds:

1 X ̸= E0;
2 E contains an exclusive maximal cycle.
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Our main results The rank condition

Example 1

E : •v0

��
•v1 //

((--

•v2 //

II

•v3 //

aa

•v4 //��
•v5

•v6

66

The vertices on cycles are C := {v0, v2, v3, v4}.
T (C) = {v0, v2, v3, v4, v5}
The E0-saturated (resp. ∅-sat.) closure of T (C) is E0 (resp. T (C)).
There is no exclusive maximal cycle!

Conclusion

The Leavitt path ring LR(E) does not satisfy the rank condition. The
Cohn path ring CR(E) does satisfy the rank condition if R does.
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Our main results The strong rank condition

The strong rank condition for path rings

Theorem

Let R be a ring and E a directed graph with �nitely many vertices. Let X
be the smallest hereditary subset of E0 that contains all the vertices of all

the cycles of E. Then the statements (i), (ii), and (iii) below are equivalent.

(i) RE satis�es the right strong rank condition.

(ii) R satis�es the right strong rank condition, and there is no right

RE-module monomorphism (RE)2 → RE.
(iii) R satis�es the right strong rank condition, and at least one of the

assertions (1) or (2) holds:
(1) X ̸= E0;
(2) E contains an exclusive maximal cycle.

Remark

Left version: Replace �maximal� by �minimal�, and require M(X) = X.
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Our main results The strong rank condition

Example 2

E : •v0

��
•v1 //

((

•v2 //

II

•v3 //

aa

•v4
��

•v5

The vertices on cycles are C := {v0, v2, v3, v4}.
T (C) = C, and C is therefore hereditary.

Conclusion

The path ring RE satis�es the right strong rank condition if and only if R
does.
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Our main results The strong rank condition

The strong rank condition for Leavitt path rings

Theorem

Let R be a ring and E a directed graph with �nitely many vertices. Let X
be the smallest hereditary and saturated subset of E0 containing all the

vertices of all the cycles of E. Then the statements (i), (ii), and (iii) below

are equivalent.

(i) LR(E) satis�es the right strong rank condition.

(ii) R satis�es the right strong rank condition, and there is no right

LR(E)-module monomorphism LR(E)⊕ LR(E) → LR(E).
(iii) R satis�es the right strong rank condition, and at least one of the

statements (1) or (2) holds:
1 X ̸= E0;
2 E contains an exclusive maximal cycle.
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Our main results The strong rank condition

The strong rank condition for relative Leavitt path rings

Theorem

Let R be a ring and E a directed graph with �nitely many vertices. Let V
be a subset of Reg(E). De�ne X to be the smallest hereditary and

V -saturated subset of E0 that contains all the vertices of all the cycles of

E. Then the statements (i), (ii), and (iii) below are equivalent.

(i) LV
R(E) satis�es the right strong rank condition.

(ii) R satis�es the right strong rank condition, and there is no right

LV
R(E)-module monomorphism LV

R(E)⊕ LV
R(E) → LV

R(E).
(iii) R satis�es the right strong rank condition, and at least one of the

statements (1) or (2) holds:
1 X ̸= E0;
2 E contains an exclusive maximal cycle.
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Our main results The strong rank condition

Further references

Some related papers:

G. Abrams, T. G. Nam, and N. T. Phuc,
Leavitt path algebras having Unbounded Generating Number,
Journal of Pure and Applied Algebra, Vol. 221 (2017), No. 6,
1322�1343.

P. H. Kropholler and K. Lorensen,
The strong rank condition for group-graded rings,
Journal of Algebra, Vol. 539 (2019), 326�338.

K. Lorensen and J. Öinert,
Generating numbers of rings graded by amenable and supramenable
groups,
Journal of the London Mathematical Society, Vol. 109 (2024), No. 1,
e12826.
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Our main results The strong rank condition

The end

THANK YOU FOR YOUR ATTENTION!
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