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Beginnings: Strassen’s Algorithm

Volker Strassen tried proving Gaussian elimination was
optimal during the 1960s.

• Includes showing regular matrix multiplication is
optimal

• Inadvertently found counterexample when doing
process of elimination

• Lead to the research paper Gaussian Elimination
is not Optimal in 1969
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A =

(
A11 A12

A21 A22

)
, B =

(
B11 B12

B21 B22

)
, AB =

(
C11 C12

C21 C22

)

I = (A11 +A22)(B11 +B22) V = (A11 +A12)B22

II = (A21 +A22)B11 VI = (−A11 +A21)(B11 +B12)

III = A11(B12 −B22) VII = (A12 −A22)(B21 +B22)

IV = A22(−B11 +B21)

Then obtain AB by

C11 = I + IV −V+VII C12 = III + V

C21 = II + IV C22 = I + III− II + VI
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Beginnings: Strassen’s Algorithm

• Algorithm uses seven multiplications instead of the
usual eight

• Works for larger matrices: see Aij and the others
as m×m-matrices and use recursion

• Faster for larger n divisible by 2; regular addition
takes O(n2) time, and regular multiplication O(n3)
time

• Asymptotically, takes O(nlog2 7) ≈ O(n2.8) time to
multiply two n× n-matrices

• Still one of the most common algorithms
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Beginnings: Strassen’s Algorithm

• Led to the creation of algebraic complexity

• Translating problems in computer science and
complexity theory into pure algebra

• Can be done to time complexity of matrix
multiplication

• Viewing the algorithm as a 3D-tensor, and
focusing on the minimum number of terms this
tensor can be written as

• Possible due to matrix multiplication being
bilinear algorithm
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Tensor point of view

By universal property of tensors, every bilinear map
f : V ×W → U has a unique factorization f = F ◦ L

V ×W V ⊗W

U

L

f
∃! F

where L(x, y) = x⊗ y.
Additionally, have isomorphism V ∗ ⊗ U ∼= hom(V,U)
Results in f corresponding exactly to a unique
3D-tensor x∗ ⊗ y∗ ⊗ z in (V ⊗W )∗ ⊗U ∼= V ∗ ⊗W ∗ ⊗U .
With f(v, w) = x∗(v)⊗ y∗(w)⊗ z.
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The matrix multiplication tensor

Matrix multiplication is a bilinear map

f : Ma×b ×Mb×c −→ Ma×c,

(A,B) 7−→ AB

so exists corresponding t (f) ∈ M∗
a×b ⊗M∗

b×c ⊗Ma×c.
Can be shown that, for xij ∈ Ma×b being matrix of
zeroes except 1 at (i, j) etc,

t(f) =
∑

i∈[1,a]
j∈[1,b]
k∈[1,c]

x∗ij ⊗ y∗jk ⊗ zik
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The matrix multiplication tensor

The tensor t(f) corresponds exactly to a more
symmetric

⟨a, b, c⟩ :=
∑

i∈[1,a]
j∈[1,b]
k∈[1,c]

xij ⊗ yjk ⊗ zki ∈ Ma×b ⊗Mb×c ⊗Mc×a,

commonly called the matrix multiplication tensor.
Possible since V ∼= V ∗ for finite dimensions.
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Tensor rank

A nonzero 3D-tensor t ∈ X ⊗ Y ⊗Z is said to have rank
equaling 1 if for some vectors x, y, z

t = x⊗ y ⊗ z =
∑
i,j,k

aibjckxi ⊗ yj ⊗ zk

where x =
∑

i aixi for a basis {xi}i in X, and so on.
The rank R(t) of any 3D-tensor t is the minimum
number of rank 1-tensors t can be written as a sum of.
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Tensor rank

• Like matrix rank, tensor rank is invariant
⇒ R(t(f)) = R(⟨a, b, c⟩)

• From before, R(⟨a, b, c⟩) ≤ abc

• However, using Strassen’s algorithm ends up in
R(⟨2, 2, 2⟩) ≤ 7.

Difficulties:

• Often only ”easy” to verify bounds on rank

• Unlike matrix rank, computing 3D-ranks is an
NP-hard problem



Tensor Rank Pelle Andersson April 3, 2025 10

Time complexity of matrix multiplication

Can define the exponent of matrix multiplication as

ω := inf{β : R(⟨n, n, n⟩) ∈ O(nβ)}
Compare with

ω̃ := inf{β : C(⟨n, n, n⟩) ∈ O(nβ)}
where C(⟨n, n, n⟩) is time complexity of computing a
matrix multiplication, assuming arithmetic operations
for elements in the underlying field K taking constant
time.
A fundamental relation for algebraic complexity is

ω = ω̃.
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Two main tracks from all this:

• Finding faster algorithms for matrix
multiplication, by explicitly writing ⟨l,m, n⟩ as a
smaller sum of rank 1-tensors

• Finding new upper bounds on ω

But these are very much overlapping, e.g. can prove

R(⟨l,m, n⟩) ≤ r ⇒ ω ≤ 3 loglmn r.

And all non-trivial bounds use tensors on form ⟨l,m, n⟩,
and there are always matrix algorithms behind any
manipulation of them, at least implicitly.
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Second track, goal being bounding ω, has been most
successful so far, with ω ≤ 2.37188 as of 2022.

• Uses more tensor product machinery

• More rank-types have been defined, such as
asymptotic rank limR(t⊗n)1/n, support rank Rs,
and border rank R related to approximation of
tensors

• So called restrictions and degenerations of tensors
are the most common tool
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Restrictions and degenerations

• A tensor t ∈ X ⊗ Y ⊗ Z is a restriction of
s ∈ X ′ ⊗ Y ′ ⊗ Z ′ are linear maps

A : X ′ → X, B : Y ′ → Y, C : Z ′ → Z

such that t = (A⊗B ⊗ C)s.
• Denoted t ≤ s.
• Leads to R(t) ≤ R(s).
• t is instead a degeneration of s if an approximation

of t is a restriction of s.
• Leads to R(t) ≤ R(s).
• Note also that restrictions ⊂ degenerations.
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Universal Method

Thus:

• (Very open) strategy: find a low rank tensor s that
restricts or degenerates to a matrix
multiplication-related tensor t.

• The Universal Method for bounding ω is this but
focusing on the best degenerations from s⊗n.

• I.e., using tensors s with low asymptotic rank.

• Best bound using tensor s denoted ωu(s).
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Timeline

• ω hypothesised to be
as low as 2

• I.e., minimal and as
fast as addition

• Note: Every algorithm
here not practical.
Stability concerns, and
may be efficient only
for VERY large
matrices

Year ω ≤
1969 2.807

1978 2.796

1979 2.780

1981 2.496

1986 2.479

1990 2.3755

2010 2.3737

2013 2.3729

2014 2.3728639

2020 2.3728596

2022 2.37188
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Support rank

• For fixed bases {xi}i, {yj}j , {zk}k for X,Y, Z,
inducing a new basis B = {xi ⊗ yj ⊗ zk}i,j,k, the
support of a tensor t in B is the set of nonzero
coefficients under B, denoted suppB (t).

• suppB(. . .) is a map from X ⊗ Y ⊗ Z to
2B = {subsets of B}.
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Support rank

Can then define support rank as

Rs,B (t) := min{R
(
t′
)
: suppB(t

′) = suppB(t)}.

Support and support rank are NOT basis-invariant,
unlike rank and border rank.
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Rank relaxations

Both support rank and border rank are relaxations of
tensor rank since Rs(t) ≤ R(t) and R(t) ≤ R(t).
Both can at the same time bound ω. E.g,

ω ≤ (3ωs − 2) /2,

where

ωs := inf{β : Rs(⟨n, n, n⟩) ∈ O(nβ)}.
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Support classes & rank structures

• Support class S is set of tensors in X ⊗ Y ⊗Z with
the same support

• Exists a rank structure R(S) within support class
S, where Rs(S) := minR(S)

• Extreme examples: support of size= 1, S1, and full
support Smax, where Rs(S1) = Rs(Smax) = 1, but
have different rank structures:

R(S1) = {1}
R(Smax) = {ALL possible ranks in X ⊗ Y ⊗ Z}
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Support classes & rank structures

• Question then if and how size of support S affects
rank structures R(S)

• Exists symmetry between supports of sizes k and
dim(X ⊗ Y ⊗ Z)− k

• Does this symmetry appear for the rank
structures?

• Needs complete classification of rank structures in
X ⊗ Y ⊗ Z
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Classifying rank structures

• Problem: #support classes of size k, generally
large:

(
lmn
k

)
in space K l ⊗Km ⊗Kn

• Use invertible linear maps that preserve support
size. Can find support classes equivalent to each
other, i.e, same rank structures

Permutation isomorphisms are one such example.
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Classifying rank structures

• Permutation isomorphisms form a group Gn when
in Kn ⊗Kn ⊗Kn and can use group theory to
count number of narrowed down classes

• For n = 2, G2 is symmetries on the cube

• For n = 2, can decrease(
8

2

)
= 28 → 3 ,

(
8

3

)
= 56 → 3 ,

(
8

4

)
= 70 → 6

for support sizes k = 2, 3, 4

• Problem for larger n: |Gn| = 3!(n!)3 increases

MUCH faster than #support classes 2n
3
and

(
n3

k

)
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Classifying rank structures in K2 ⊗K2 ⊗K2

Rank structures of support sizes k = 2, 3
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Classifying rank structures in K2 ⊗K2 ⊗K2

Rank structures of support sizes k = 4
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Classifying rank structures in K2 ⊗K2 ⊗K2

Decomposition into two rank one-tensors:

⇒ Rs(T
4
4 ) = 2 only if charK ̸= 2
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Rank structures in R2 ⊗ R2 ⊗ R2 and C2 ⊗ C2 ⊗ C2
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Classifying rank structures in K2 ⊗K2 ⊗K2

Some main results:

• K affects support rank only if charK = 2, 3

• K affects maximum rank in a structure, by level of
algebraic closure

• Support size increases #ranks in a structure,
although small rank pool [0, 3] when n = 2

• Exists size symmetry only for K = Z/3Z, where

Rs

(
T k
i

)
= Rs

(
T k
j

)
⇔ Rs

(
T 8−k
i

)
= Rs

(
T 8−k
j

)
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Further developments

End goal: complete classification of rank structures of
support classes in Kn ⊗Kn ⊗Kn

• Simplest step: check if symmetry holds for
K = Z/3Z in n = 3

• Study of permutation isomorphisms Gn on
Kn ⊗Kn ⊗Kn, big quantitative AND qualitative
changes as n increases

• Study of permutation isomorphisms for
K l ⊗Km ⊗Kn
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