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Background and Motivation



Background and Motivation

This talk is based on a recent preprint [B25].

Conventions. Nonassociative algebra means nonassociative, noncommutative, and
nonunital algebra (over some associative, commutative, and unital ring).

[B25] B. “The Higher-Order Hom-Associative Weyl Algebras”. In: arXiv:2502.04051 (2025).
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Background and Motivation

The Weyl algebras are associative algebras with a “skewed” or “twisted” multiplication;
Hilbert’s twist [Hil03]. Ore extensions were later introduced by Ore [Ore33].

Appear as universal enveloping algebras of Lie algebras, quantized coordinate rings of
affine algebraic varieties, differential operator rings etc. Used e.g. in coding theory.

Nonassociative Ore extensions were introduced by Nystedt, Öinert, and
Richter [NÖR18]; hom-associative Ore extensions by B., Richter, and Silvestrov [BRS18].

The first hom-associative Weyl algebras and a Dixmier Conjecture were studied by B.
and Richter in [BR20], and Stafford’s Theorem for higher-order analogues in [BR24].

What are these hom-associative Weyl algebras? The Generalized Dixmier Conjecture?

[Hil03] D. Hilbert. Grundlagen der Geometrie. Leipzig: Teubner, 1903.
[Ore33] O. Ore. “Theory of Non-Commutative Polynomials”. In: Ann. Math 34.3 (1933).
[NÖR18] P. Nystedt, J. Öinert, and J. Richter. “Non-Associative Ore Extensions”. In: Isr. J. Math. 224.1 (2018).
[BRS18] B., J. Richter, and S. Silvestrov. “Hom-Associative Ore Extensions and Weak Unitalizations”. In: Int. Electron. J.
Algebra 24 (2018).
[BR20] B. and J. Richter. “On the Hom-Associative Weyl Algebras”. In: J. Pure Appl. Algebra 224.9 (2020).
[BR24] B. and J. Richter. “Ideals in Hom-Associative Weyl Algebras”. In: Int. Electron. J. Algebra (2024).
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Noncommutative Polynomial Rings: Ore Extensions

Ore [Ore33] initiated the study of noncommutative polynomial rings:

“In the present paper I have tried to give the principal results of a general
noncommutative polynomial theory. …the multiplication of polynomials is so restricted
that the degree of a product is equal to the sum of the degrees of the factors.”

Let R be an associative and unital ring. We want a new associative but not necessarily
commutative multiplication on R[x]. Let the new ring be R[x] as a left R-module with

deg(pq) ≤ deg p+ deg q, ∀p, q ∈ S,

xmxn = xm+n, ∀m, n ∈ N.

For any r ∈ R,

deg(xr) ≤ deg x + deg r = 1+ 0 = 1, so

xr = σ(r)x + δ(r), for some σ(r), δ(r) ∈ R. (1)

This defines functions σ, δ : R → R, where x = x1 (1)= σ(1)x + δ(1), so σ(1) = 1, δ(1) = 0,

x(r + s) (1)= σ(r + s)x + δ(r + s),

xr + xs (1)= (σ(r) + σ(s))x + δ(r) + δ(s),

∀r, s ∈ R, so σ and δ are additive.

[Ore33] O. Ore. “Theory of Non-Commutative Polynomials”. In: Ann. Math 34.3 (1933).
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Noncommutative Polynomial Rings: Ore Extensions

x(rs) (1)= σ(rs)x + δ(rs),

(xr)s (1)= σ(r)σ(s)x + σ(r)δ(s) + δ(r)s,

so σ ∈ EndZ(R) and δ is a σ-derivation on R (if σ = idR , a derivation).

Given σ and δ, we get a unique, associative ring R[x;σ, δ] – the Ore extension of R:

(rxm)(sxn) =
∑
i∈N

(
rπmi (s)

)
xi+n,

πmi : R → R the sum of all
(m
i
)
composition of i copies of σ and m− i copies of δ.
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Noncommutative Polynomial Rings: Ore Extensions

If σ = idR , a differential polynomial ring R[x; idR, δ] =: R[x; δ]: xr = rx + δ(r), for r ∈ R.

Example
Let R be an associative ring. Then R[x] = R[x; 0].

Let K be a field of characteristic zero and let [·, ·] : R× R → R be the commutator, i.e.
[r, s] = rs− sr ∀r, s ∈ R.

Example
The first Weyl algebra A1 is K〈x, y〉 modulo the relation [x, y] = 1. A1 ∼= K[y][x; d/dy].
In quantum physics, x and y are position and momentum operators.

Example
The 2-dimensional non-abelian Lie algebra r2 over K with basis {x, y}; [x, y]r2 = y.
U(r2) is K〈x, y〉 modulo the relation [x, y] = y. U(r2) ∼= K[y][x; y(d/dy)].

Example
The Jordan plane J is K〈x, y〉 modulo the relation [x, y] = y2 . J ∼= K[y][x; y2(d/dy)].
The Jordan plane arises in noncommutative algebraic geometry.
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Noncommutative Polynomial Rings: Ore Extensions

If δ1, . . . , δn are pairwise commuting derivations on R, then we may construct an
iterated differential polynomial ring of R:

1. Extend δ2 uniquely to a derivation δ̂2 on S1 := R[x1; δ1] with δ̂2(x1) = 0.

2. Extend δ3 uniquely to a derivation δ̂3 on S2 := S1[x2; δ̂2] with δ̂3(x1) = δ̂3(x2) = 0.
...

n-1. Extend δn uniquely to a derivation δ̂n on Sn−1 := Sn−2[xn−1; δ̂n−1] with
δ̂n(x1) = · · · = δ̂n(xn−1) = 0.

R[x1; δ1][x2; δ̂2] · · · [xn; δ̂n] is denoted by R[x1, . . . , xn; δ1, . . . , δn].

Example
The nth Weyl algebra An , n ∈ N>0 , is K〈x1, . . . , xn, y1, . . . , yn〉 modulo the relations
[xi, xj] = [yi, yj] = 0, and [xi, yj] = δij for 1 ≤ i, j ≤ n.
An ∼= R[x1, . . . , xn; ∂/∂y1, . . . ∂/∂yn] where R := K[y1, . . . , yn].
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Noncommutative Polynomial Rings: Ore Extensions

Conjecture (The Generalized Dixmier Conjecture (GDCn))
EndK(An)\{0} = AutK(An).

A map ϕ := (ϕ1, . . . , ϕn) : Kn → Kn is a polynomial map if
(x1, . . . , xn) 7→ (ϕ1(x1, . . . , xn), . . . , ϕn(x1, . . . , xn)) where ϕ1, . . . ϕn ∈ K[x1, . . . , xn].

Conjecture (The Jacobian Conjecture (JCn))
If ϕ : Kn → Kn is a polynomial map with det(J(ϕ)) ∈ K\{0}, then ϕ is invertible.

The implication GDCn =⇒ JCn is well known. Tsuchimoto [Tsu05] and Kanel-Belov
and Kontsevich [KBK07] have independently proven the implication JC2n =⇒ GDCn .

The Dixmier Conjecture (GDC1), a problem raised by Dixmier [Dix68], has recently been
(claimed) to be proven true by Zheglov [Zhe24] (JC1 is trivially true, however).

[Tsu05] Y. Tsuchimoto. “Endomorphisms of Weyl Algebra and p-Curvatures”. In: Osaka J. Math. 42.2 (2005).
[KBK07] A. Kanel-Belov and M. Kontsevich. “The Jacobian Conjecture is Stably Equivalent to the Dixmier Conjecture”.
In: Mosc. Math. J. 7.2 (2007).
[Dix68] J. Dixmier. “Sur les Algèbres de Weyl”. In: Bull. Soc. Math. France 96 (1968).
[Zhe24] A. Zheglov. “The Conjecture of Dixmier for the First Weyl Algebra is True”. In: arXiv:2410.06959 (2024).
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Hom-Associative Algebras

What is an example of a nonassociative algebra?

Example
Let u ∗ v := uv, ∀u, v ∈ C. Then C is not associative,

u ∗ (v ∗ w) = uvw = uvw,

(u ∗ v) ∗ w = uvw = uvw,

∀u, v,w ∈ C. C satisfies a “twisted” associativity condition,

u ∗ (v ∗ w) = (u ∗ v) ∗ w.

C is a hom-associative algebra (studied by Myung and Okubo [OM80] as
para-Hurwitz algebras).

[OM80] S. Okubo and H.C. Myung. “Some New Classes of Division Algebras”. In: J. Algebra 67.2 (1980).
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Hom-Associative Algebras

Definition (Hom-associative algebra [MS08])
A hom-associative algebra over R is a nonassociative R-algebra A with an R-linear
map α : A → A (the twisting map), s.t. ∀a, b, c ∈ A:

α(a)(bc) = (ab)α(c) (hom-associativity).

A hom-associative ring is a hom-associative algebra over Z.

A homomorphism is an R-linear, multiplicative map f : A → B s.t. f ◦ αA = αB ◦ f .

Proposition ([Yau09])
Let A be an associative R-algebra, α ∈ EndR(A) and define a ∗ b := α(ab), a, b ∈ A.
The resulting nonassociative R-algebra, Aα , is hom-associative with twisting map α.

[MS08] A. Makhlouf and S.D. Silvestrov. “Hom-algebra structures”. In: J. Gen. Lie Theory Appl. 2.2 (2008).
[Yau09] D. Yau. “Hom-Algebras and Homology”. In: J. Lie Theory 19.2 (2009).
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Hom-Associative Algebras

Definition (Hom-Lie algebra [HLS06])
A hom-Lie algebra is a nonassociative R-algebra L with multiplication
[·, ·]L : L× L → L (the hom-Lie bracket) and an R-linear map α : L → L, s.t. ∀a, b, c ∈ L:

[a, a]L = 0 (alternativity),

[α(a), [b, c]L]L + [α(c), [a, b]L]L + [α(b), [c, a]L]L = 0 (hom–Jacobi identity).

Proposition ([MS08])
If A is a hom-associative R-algebra with twisting map α, then A becomes a hom-Lie
R-algebra with twisting map α when the commutator is used as a hom-Lie bracket.

[HLS06] J.T. Hartwig, D. Larsson, and S.D. Silvestrov. “Deformations of Lie algebras using σ-derivations”. In: J. Algebra
295.2 (2006).
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Hom-Associative Ore Extensions

Let R be a nonassociative ring with additive maps σ, δ. The nonassociative Ore
extension of R, R[x;σ, δ] is the additive group R[x] with(

rxm
) (
sxn

)
=

∑
i∈N

(
rπmi (s)

)
xi+n, r, s ∈ R, n ∈ N.

If R is associative and unital, α, σ ∈ EndZ(R) and δ a σ-derivation on R, we can try to
“Yau twist” R[x;σ, δ].

Lemma ([B25])
Let R be associative and unital, α, σ ∈ EndZ(R), and δ be a σ-derivation on R. Then α

extends uniquely to α̂ ∈ EndZ(R[x;σ, δ]) s.t. α̂(x) = x, if and only if α commutes with
σ and δ. In this case, R[x;σ, δ]α̂ = Rα[x;σ, δ].

Lemma ([B25])
Let R be associative and unital, α ∈ EndZ(R) and δ1, . . . , δn be pairwise commuting
derivations on R. Then α extends uniquely to α̂ ∈ EndZ(R[x1, . . . , xn; δ1, . . . , δn]) such
that α̂(xi) = xi for 1 ≤ i ≤ n, if and only if α commutes with δ1, . . . , δn . In this case,
R[x1, . . . , xn; δ1, . . . , δn]α̂ = Rα[x1, . . . , xn; δ1, . . . , δn].

[B25] B. “The Higher-Order Hom-Associative Weyl Algebras”. In: arXiv:2502.04051 (2025).
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The Higher-Order Hom-Associative Weyl Algebras

Recall that An is K[y1, . . . , yn][x1, . . . , xn; ∂/∂y1, . . . ∂/∂yn] – Time to Yau twist this!

Lemma ([B25])
Up to a constant k := (k1, . . . , kn) ∈ Kn , there is a unique αk ∈ EndK(K[y1, . . . , yn])
that commutes with ∂/∂y1, . . . ∂/∂yn , defined by αk(yi) = yi + ki for 1 ≤ i ≤ n.

Aα̂kn = K[y1 . . . , yn][x1, . . . , xn; ∂/∂y1, . . . , ∂/∂yn]α̂k .

Definition (The hom-associative n-Weyl algebra [B25])

The hom-associative n-Weyl algebra Akn is defined as A
α̂k
n for k ∈ Kn (A0n = An).

α̂k = ek
∂
∂y and p ∗ q = ek

∂
∂y (pq), ∀p, q ∈ An where k ∂

∂y :=
∑n

i=1 ki
∂
∂yi
.

Theorem ([B25])
The following assertions hold for any k ∈ Kn :

(i) Akn is a multi-parameter formal hom-associative deformation of An .

(ii) Akn is simple, Noetherian, and contains no nonzero zero divisors.

(iii) C(Akn) := {a ∈ Akn | [a, b]∗ = 0, ∀b ∈ Akn} = K.

Remark. An is formally rigid as an associative algebra.
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The Higher-Order Hom-Associative Weyl Algebras

Definition (Associator and nuclei)
(·, ·, ·)∗ : Akn × Akn × Akn → Akn with (a, b, c)∗ := (a ∗ b) ∗ c − a ∗ (b ∗ c), ∀a, b, c ∈ Akn .

Akn is called power associative if (a, a, a)∗ = 0, ∀a ∈ Akn .

Nl(Akn) := {a ∈ Akn | (a, b, c)∗ = 0, ∀b, c ∈ Akn}. Nm(Akn) and Nr(Akn) similarly.
N(Akn) := Nl(Akn) ∩ Nm(Akn) ∩ Nr(Akn) and Z(Akn) := C(Akn) ∩ N(Akn).

Theorem ([B25])
The following assertions hold for any k ∈ Kn :

(i) Akn is power associative if and only if k = 0.

(ii) N(Akn) = Nl(Akn) = Nm(Akn) = Nr(Akn) =
{
Akn if k = 0,
{0} otherwise.

(iii) Z(Akn) =
{
K if k = 0,
{0} otherwise.

(iv) DerK(Akn) =
{
[p, ·] | p =

∑
i 6∈k−1(0) fiyi + q(yk−1(0), x1, . . . , xn) ∈ An, fi ∈ K

}
.

k−1(0) := {i ∈ N>0 | ki = 0, i ≤ n}.
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The Higher-Order Hom-Associative Weyl Algebras

Theorem ([B25])

Akn ∼= Ak′n if and only if k and k′ have the same number of nonzero elements.

Conjecture (The Generalized Hom–Dixmier Conjecture (GHDCmn ))

Any nonzero homomorphism Akn → Ak′n is an isomorphism whenever k and k′ have
the same number, m, of nonzero elements.

Note that GDCn = GHDC0n since An = A0n .

Corollary ([B25])

GDCn and GHDC≤n
n are (trivially) equivalent.

Theorem ([BR20])
GHDC11 is true.

[BR20] B. and J. Richter. “On the Hom-Associative Weyl Algebras”. In: J. Pure Appl. Algebra 224.9 (2020).
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Thank You!
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