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Introduction

We saw in Joakim’s presentation the definition of a derivation based
calculus and a hermitian calculus. We also saw that, given a
connection, we can construct a connection compatible with an
invertible hermitian metric. Similarly, given a regular connection, we
can construct a torsion free connection.

In this presentation, we want to find conditions for when a connection
is both torsion free and compatible with a metric, i.e. when a
connection is Levi-Civita.
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Background

Let A be a unital associative ∗-algebra and g ⊂ Der(A) a Lie algebra.
Recall that if there exists a connection ∇ : Ω1

g × g → Ω1
g on the

restricted calculus Ω1
g = ⟨da | a ∈ A⟩, we call (A, g) a derivation based

calculus. If also h : Ω1
g × Ω1

g → A is an invertible hermitian metric,
(A, g, h) is called a hermitian calculus.

Also recall that a connection ∇ on Ω1
g is torsion free if ∧∇− d = 0, i.e.

(∇∂1
ω)(∂2)− (∇∂2 ω)(∂1)− dω(∂1, ∂2) = 0, ω ∈ Ω1

g, ∂1, ∂2 ∈ g

and ∇ is compatible with a hermitian metric h if dh = h∇ + h∗∇, i.e.

∂h(ω, η) = h(∇∂ω, η) + h(ω,∇∂∗η) ω, η ∈ Ω1
g, ∂ ∈ g.

Via the map Th(∇) = h∇ + h∗∇, the compatability condition can be
rewritten as dh = Th(∇).
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Necessary and sufficient condition

Using our notations and terminology, we can reduce the two
conditions (of torsion freeness and compatiblity with a metric) down to
one.

Proposition

Let (A, g) be a derivation based calculus and let h be a hermitian form on Ω1
g.

There exists a Levi-Civita connection with respect to h on Ω1
g if and only if

2dh − Th(d) ∈ im
(
(Th ◦ s)|

C
Reg
g (Ω1

g)

)
,

where Th(d) = hd + h∗d .
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Proof

Take ∇0 ∈ C
Reg
g (Ω1

g) such that (Th ◦ s)(∇0) = 2dh − Th(d) and let
∇ = 1

2 (d + s(∇0)). Since ∇0 is regular, ∇ is a connection on Ω1
g, and ∇

is torsion free. Also

h∇ + h∗∇ = Th(∇) =
1
2

Th(d) +
1
2
(Th ◦ s)(∇0)= dh

so ∇ is also compatible with h. Thus ∇ is a Levi-Civita connection.

Conversely, assume ∇ is Levi-Civita. In particular, ∇ is torsion free
(hence regular) and so ∇ = 1

2 (d + s(∇)). Moreover,

dh = h∇ + h∗∇ =Th(∇)=
1
2

Th(d + s(∇)) =
1
2

Th(d) +
1
2
(Th ◦ s)(∇)

so 2dh − Th(d) is in the image of (Th ◦ s)|
C

Reg
g (Ω1

g)
.
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Necessary Kähler condition

Recall that in a hermitian calculus (A, g, h) the fundamental form ρ ∈ Ω2
g

is defined as

ρ(∂1, ∂2) =
i
2

(
h−1(φ(∂∗1), φ(∂2))− h−1(φ(∂∗2), φ(∂1))

)
, ∂1, ∂2 ∈ g

and that (A, g, h) is Kähler if dρ = 0.

Let Ω1
g be finitely generated projective with generators {θi}n

i=1 and let
{ϕi}n

i=1 be dual generators on the dual module (Ω1
g)

∗. Then ρ = i
2 θ∗i θi,

where hij = h−1(ϕi, ϕj) and θi = hijθ
j. The Kähler condition then

becomes
d(θ∗i θi) = θ∗i (dhij)θj + (dθi)∗θi − θ∗i dθi = 0.
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Necessary Kähler condition

Proposition

Let (A, g, h) be a finitetly generated projective hermitian calculus. If there
exists a Levi-Civita connection with respect to h on Ω1

g then (A, g, h) is a
Kähler calculus.

Proof: Let {θi}n
i=1 be generators of Ω1

g and {ϕi}n
i=1 its dual generators.

Assume ∇ is a Levi-Civita connection. There exists ∇0 such that

2dh(θi, θ j)− Th(d)(θ
i, θ j) = (Th ◦ s)(∇0)(θi, θ j).

One can show that

θ∗i Th(d)(θ
i, θ j)θj = 2θ∗i dθi − 2(dθi)∗θi and θ∗i (Th ◦ s)(∇)(θi, θ j)θj = 0.

This implies that

d(θ∗i θi) = θ∗i (dhij)θj − θ∗i dθi + (dθi)∗θi = 0.

Hence (A, g, h) is a Kähler calculus.
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Sufficient condition on projective Kähler calculus

As we saw in the proof of the previous proposition, to arrive at the
Kähler condition we multiply our Levi-Civita condition with
generators on the left and on the right. When is it possible to reverse
this procedure?

Proposition

Let (A, g, h) be a finitely generated projective Kähler calculus, let {θi}N
i=1 be

generators of Ω1
g and let {∂a}n

a=1 be a hermitian basis of g. If
∂a(hijhjk)θ

k = 0, for a = 1, . . . , n and i = 1, . . . , N, and there exist φai ∈ A
such that

φaiθib = δa
b · 1A, (θia φaj)∗θi = θ j

for a, b = 1, . . . , n and j = 1, . . . , N, then there exists a Levi-Civita
connection on Ω1

g.
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Sufficient condition on free Kähler calculus

As a useful corollary, a free hermitian calculus is Kähler precisely when
there exists a Levi-Civita connection.

Corollary

Assume that (A, g, h) is a finitely generated free hermitian calculus such that
dim(g) = rk(Ω1

g) = n, and assume that there exists a basis {θi}n
i=1 for Ω1

g

such that θi(∂a) = δi
a · 1A for i, a = 1, . . . , n, where {∂a}n

a=1 is a hermitian
basis for g. Then there exists a Levi-Civita connection on Ω1

g if and only if
(A, g, h) is a Kähler calculus.
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Example: Noncommutative torus

Let T3
θ be the ∗-algebra generated by unitary {U1, U2, U3} such that

UiUj = qijUjUi, where qij = e2πiθij for some θij ∈ R. Assuming θij is
irrational when i ̸= j, then Z(T3

θ ) ≃ C.
Let g be the abelian Lie algebra with hermitian basis {∂1, ∂2, ∂3}, where

∂aUj = iδa
i Uj.

The module Ω1
g is free, with differential forms θ j = −iUjdUj as a basis.

The forms θ j then satisfies θi(∂a) = δ
j
a · 1T3

θ
. If h is a hermitian metric on

Ω1
g, it follows from the above corollary that there exists a Levi-Civita

connection on Ω1
g if and only if (T3

θ , g, h) is Kähler.
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Example: Noncommutative torus

If we let h be some invertible hermitian metric on Ω1
g, the Kähler

condition becomes

∂a(h∗cb − hcb) + ∂b(h
∗
ca − hca) + ∂c(h∗ba − hba) = 0, a, b, c ∈ {1, 2, 3}.

With a diagonal metric, the Kähler condition is satisfied. For
illustration, let us choose the non-diagonal metric

h =

1 0 0
0 0 h0
0 h∗0 0

 , h−1 =

1 0 0
0 0 (h−1

0 )∗

0 h−1
0 0


for some element h0 ∈ T3

θ , the Kähler condition becomes

∂1((h−1
0 )∗ − h−1

0 ) = 0.
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Example: Noncommutative torus

Assuming the Kähler condition to hold, we can construct a Levi-Civita
connection:

∇∂1
θ1 = iXθ1, ∇∂1

θ2 = −1
2

h0∂1(h−1
0 )θ2,

∇∂1
θ3 = −1

2
h∗0∂1((h−1

0 )∗)θ3, ∇∂2 θ1 =
1
2

∂1(h−1
0 )θ3,

∇∂2 θ2 = −1
2

h0∂1((h−1
0 )∗)θ1 − h0∂2(h−1

0 )θ2, ∇∂2 θ3 = 0

∇∂3 θ1 =
1
2

∂1(h−1
0 )θ2, ∇∂3 θ2 = 0,

∇∂3 θ3 = −1
2

h∗0∂1(h−1
0 )θ1 − h∗0∂3(h−1

0 )θ3.

where X ∈ A is hermitian.
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What’s next?

More theory:
• Want to understand the Kähler condition better, in particular on

finitely generated projective hermitian calculi.

Applications:
• Want to apply our results to specific types of algebras. Currently,

we are studying the derivation based calculi of path algebras over
quivers.



Thank you!


	Introduction
	Background
	Necessary and sufficient condition
	Necessary Kähler condition
	Sufficient Kähler condition
	Example: noncommutative torus

