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Introduction

We saw in Joakim'’s presentation the definition of a derivation based
calculus and a hermitian calculus. We also saw that, given a
connection, we can construct a connection compatible with an
invertible hermitian metric. Similarly, given a regular connection, we
can construct a torsion free connection.

In this presentation, we want to find conditions for when a connection
is both torsion free and compatible with a metric, i.e. when a
connection is Levi-Civita.

LINKOPING
II." UNIVERSITY



Noncommutative Levi-Civita connections in a derivation based calculus 2/12

Background

Let A be a unital associative *-algebra and g C Der(.A) a Lie algebra.
Recall that if there exists a connection V : Qé X g— Qé on the

restricted calculus Qé = (da|a € A), we call (A, g) aderivation based

calculus. If also h : Qé X Qé — A is an invertible hermitian metric,
(A, g, h) is called a hermitian calculus.

Also recall that a connection V on Qé is torsion free if \V —d =0, i.e.
(Vo,w)(02) = (Vo,w)(91) —dw(91,92) =0, weQy, 91,0, €0
and V is compatible with a hermitian metric h if dh = hy + h*v, ie.
oh(w,n) = h(Vaw, i) +h(w,Vay) w,yeQl, dcaq.

Via the map Tj,(V) = hy + h%, the compatability condition can be
rewritten as dh = Tj,(V).
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Necessary and sufficient condition

Using our notations and terminology, we can reduce the two
conditions (of torsion freeness and compatiblity with a metric) down to
one.

Proposition

Let (A, g) be a derivation based calculus and let h be a hermitian form on ng.
There exists a Levi-Civita connection with respect to h on Q}; if and only if

2dh — Th(d) € im ((Th o S)'%Reg(ol )> ’

where Ty (d) = hy + h.
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Proof

Take V € ‘Ké{eg(ﬂé) such that (Tj, 05)(V?) = 2dh — T;,(d) and let
V= %(d +35(VY)). Since V? is regular, V is a connection on Q}, and V
is torsion free. Also

* 1 1
hy +hy = Ty(V) =5Ty(d) + 5(Th 05)(VY)=dh

so V is also compatible with h. Thus V is a Levi-Civita connection.

Conversely, assume V is Levi-Civita. In particular, V is torsion free
(hence regular) and so V = 1(d +5(V)). Moreover,

dh = + 1y =Ty(V)= 2T3(d+5(V)) = 3Ty(d) + 3Ty 05)(7)

80 2dh — T}, (d) is in the image of (T}, o s)\(ggegm]g).
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Necessary Kahler condition

Recall that in a hermitian calculus (A, g, 1) the fundamental form p € ﬁ;
is defined as

i/ _ -
p(01,02) = 5 (K (9(31), 9(32) ~h ' (9(33),9(31))), 1,02 €
and that (A, g, h) is Kiihler if dp = 0.

Let Qé be finitely generated projective with generators {9'};‘:1 and letl
{¢i}!_; be dual generators on the dual module (Qé)* Then p = 566",
where h;; = h=1(¢;, ¢;) and 0; = hi]ﬁf . The Kéhler condition then

becomes . - . 4
a(6:e') = Gf‘(dh”)(?j + (d6")*6; — 6;de"' = 0.
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Necessary Kahler condition

Proposition

Let (A, g, h) be a finitetly generated projective hermitian calculus. If there
exists a Levi-Civita connection with respect to h on Qé then (A, g, h) isa
Kiihler calculus.

Proof: Let {6'}"_, be generators of Q; and {¢;}} , its dual generators.
Assume V is a Levi-Civita connection. There exists V? such that

2dh(0',00) — T;,(d) (6,67 = (T}, 05) (V) (67, 6).
One can show that
07 Ty (d) (6',6))0; = 207d6" — 2(d6")*0; and 0] (T; 0s)(V)(6",0/)6; = 0.
This implies that
d(076") = 07 (dh')6; — 67d6" + (d6")*6; = 0.
Hence (A, g, h) is a Kéhler calculus.
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Sufficient condition on projective Kahler calculus

As we saw in the proof of the previous proposition, to arrive at the
Kéhler condition we multiply our Levi-Civita condition with
generators on the left and on the right. When is it possible to reverse
this procedure?

Proposition

Let (A, g, h) be a finitely generated projective Kiihler calculus, let {0'}N | be
generators of Q}; and let {9, }"_, be a hermitian basis of g. If
aa(hifh]-k)ﬁk =0,fora=1,...,nandi=1,...,N, and there exist (p”i cA
such that . - .

00 = 0f 14, (Biag¥)70" = 6
fora,b=1,...,nand j=1,..., N, then there exists a Levi-Civita
connection on Q};.
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Sufficient condition on free Kahler calculus

As a useful corollary, a free hermitian calculus is Kédhler precisely when
there exists a Levi-Civita connection.

Corollary

Assume that (A, g, h) is a finitely generated free hermitian calculus such that
dim(g) = rk(Q};) =n and assume that there exists a basis {6'}!' | for Qé
such that 6'(0) = 0}, - 1 4 fori,a =1,...,n, where {9,}"_, is a hermitian
basis for g. Then there exists a Levi-Civita connection on Qé if and only if
(A, g, h) is a Kiihler calculus.
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Example: Noncommutative torus

Let T§ be the *-algebra generated by unitary {Uy, Up, U3} such that

U;U; = q;;U;U;, where g;; = 20 for some 8;j € R. Assuming 0;; is

irrational when i # j, then Z(T§) ~ C.

Let g be the abelian Lie algebra with hermitian basis {91, do, 93}, where
9.U;j = i07U;.

The module ng is free, with differential forms 6/ = —inde as a basis.
The forms 6/ then satisfies 6?(9,) = &, - I If h is a hermitian metric on

Qé, it follows from the above corollary that there exists a Levi-Civita
connection on Qé if and only if (Tg, g, h) is Kéhler.
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Example: Noncommutative torus

If we let h be some invertible hermitian metric on Qé, the Kihler
condition becomes

Ba(ly — hep) + 0y (Mg — hea) + (i, — hya) =0, a,b,c € {1,2,3}.

With a diagonal metric, the Kéhler condition is satisfied. For
illustration, let us choose the non-diagonal metric

1 0 0 1 0 0
h=[0 0 h|, Kl=[0 0 (h')*
0 ki 0 0 k' 0

for some element /1y € T3, the Kihler condition becomes
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Example: Noncommutative torus

Assuming the Kahler condition to hold, we can construct a Levi-Civita
connection:

1
V, 0 =iXe!, V, 6= fihoal(hgl)ez,

1 * —1y* 1 —
Vo,0° = —Shgon((hg)")6°,  Va,01 = 291 (g )6,

1 s _
V5,07 = 5h0d1 (g 1*)et — oo (hg 162, Va,0° =0

1., _
V0! = Eal(ho g2, Vvy,60* =0,

1,0 -
V0% = — 5 hon (g )0 — 05 (g 1)6°.

where X € A is hermitian.
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What's next?

More theory:

® Want to understand the Kihler condition better, in particular on
finitely generated projective hermitian calculi.

Applications:

® Want to apply our results to specific types of algebras. Currently,
we are studying the derivation based calculi of path algebras over
quivers.
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