News on the Graded Classification Conjecture
for Leavitt Path Algebras

joint work with R. Hazrat, A. Sebandal

Wolfgang Bock

Linnaeus Universitetet, Vaxjo, Sweden

SNAG, BTH, 2025



Linnaeus University 7

Roozbeh Hazrat Alfilgen Sebandal
Western Sydney University Linnaeus University/

RCTP Jagna, PH

W. Bock, R. Hazrat, A. Sebandal
The graded classification conjectures hold for various finite representations of Leavitt path

algebras
Journal of Algebra, Volume 672, 15 June 2025, Pages 303-333



Linnaeus University 7

Directed Graph

Talented Monoid Leavitt Path Algebra
Hazrat (2013) Abrams, Pino (2005)

Hazrat, Li (2020) Ara, Moreno, Pardo (2007)



Linnaeus University 7

R. Hazrat (2013)
Graded Classification Conjecture

For finite graphs E and F:
Tp=Tr GT-LK(E) ~or GT-LK(F)

Z-isomorphism of Graded equivalence of

talented monoids categories of graded
modules over the Leavitt
path algebra
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R. Hazrat (2013)

Graded Classification Conjecture

For finite graphs E and F:
Tp=eTr & GT-LK(E) X or GT-LK(F)

/ Graded Classification Theorem:
for Polycephaly Graphs
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Directed Graph
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Directed Graph

Talented Monoid Leavitt Path Algebra

Quiver Representation
Rep(E)
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Path Algebra

For a graph E and a ring R with identity, the Path algebra of E,
denoted by Px(E), is the R-algebra generated by the sets {v : v € EY}

and {e : e € E'} with coefficients in R, subject to the relations:
(V) v;-v; =0;jv; forevery v;,v; € EV.
(E) s(e)-e=e=e-r(e) for e € EL.
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Leavitt Path Algebra

- For a graph E and a ring R with identity, the Leavitt path algebra
of E, denoted by Lr(E), is the path algebra over the double
graph E with additional relations
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Leavitt Path Algebra

For a graph E and a ring R with identity, the Leavitt path algebra
of E, denoted by Lr(E), is the path algebra over the double
graph E with additional relations
(CK1) €'f = 0.¢r(e) for all e, f € EY;

(CK2) v = Z ee’ for every v € Reg(E).

ees~1(v)

P (E)
W) = T ckay
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Fundamental Examples

E: o ! 0—3p 0o 03P

Py(E)= K[x] Py(E) = upper triangularM (K)

L(E) = K[x,x71] Ly(F) = M,(K)
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Directed Graph

Talented Monoid Leavitt Path Algebra
Tg Lk (E)

Quiver Representation
Rep(E)
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Let E be a row-finite graph. The talented monoid ot E, denoted
by Tk, is the abelian monoid generated by {v(i) : v € E*,i € ZJ},
subject to

o)=Y re)i+1)

ees™1(v)

for every i € Z and every v € E° that is not a sink.

a
- u(1) = a(1+1) + (1 +1) + c(1 + 1)

\ =a(2) +b(2) +c(2)
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Let E be a row-finite graph. The talented monoid ot E, denoted
by Tk, is the abelian monoid generated by {v(i) : v € E*,i € ZJ},
subject to

o)=Y re)i+1)

ees™1(v)

for every i € Z and every v € E" that is not a sink.

Ara, Hazrat, Li, Sims (2018)

T i - monoid of graded finitely generated projective modules over Li(E)
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Example
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Directed Graph

Talented Monoid Leavitt Path Algebra
Tg Lk (E)

Quiver Representation
Rep(E)
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A vep\'e,sa\\a\ﬂot\ of € is a funcXor of covegories

P: E — VeeX
Vv —> r(v) — veckor space over X

. P
U —=v > pa) — p(v) - \ireor tronsoration

'Rep(ﬂ - coleqony of @m&aﬁu\s of E
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Directed Graph

Talented Monoid Leavitt Path Algebra

Quiver Representation
Rep(E)
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R. Hazrat (2013)

Graded Classification Conjecture

For finite graphs E and F:
Tp=Tr GT-LK(E) ~or GT-LK(P)

Z-isomorphism of Graded equivalence of

talented monoids categories of graded
modules over the Leavitt
path algebra
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As aegories

Rep(E) ~ Mod- % (E)
- aategory of modules

over ?\‘(5)
Representation R(E) = module
p: € = VecK — Mo = @ POV
e ) VES

e ud > o) : plu) =¥ pV)
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Graded Classification Conjecture

For finite graphs E and F:
TpeTr GV—LK(E) Xor GT-LK(F)

As ategories

?6\9(53 ~  Mod- % (E)
- aavegory of modules
over P\;CE)



Linnaeus University 7

Graded Classification Conjecture

For finite graphs E and F:
TpeTr GT-LK(E) Xor GT-LK(F)
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Graded Classification Conjecture

For finite graphs E and F:
TpeTr GT-LK(E) Xor GT-LK(F)
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Graded Classification Conjecture

For finite graphs E and F:
TpeTr GT-LK(E) Xor GT-LK(F)

-E-'cwefmg gropn
Rep(E) ~ Mad-B(E)= Gr-R.(E)

- cotegory of groded
mod\k\ﬁs over p\‘CE)
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Kecol\ : .
W = o

Rep(E,0K) ~ 6r- Le(E)
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Theorem  (Koc, Otaygdin 20\9)

If € s a row-Hfinite gragh , Aven he cateqory of
unital L) -module s aquivalent 4o the ful
svoaoteqgony of representation % of 'é sakisfying :
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Rep(E,08) ~ Gr- Lx(E)

How doout the cogyeckuve ¢

=2\ & Gr-L(E) B Ge-LilF)
) v
Rep(Tcx) ~ Rep(F,CX)
G oRd Corertnde U e SN Sondor
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Dok Tradk o bik ...

Mo yoxon :
Yoo and Ozaydin (208, 2020)

- cronadenved fime -cimensional ref«wex\\ac\iom
0f RA v mObamol Oydis o SIS,



Linnzeus University 4

Thedrem

\ex © and © Ye fnve grapr\: SUON YAk
TE‘ ;. Tp‘

Ten e S A oe-io-oe CorRspONd N
vexween We, moxwwnAl kg and  malximal
ayadel W and T opdh e e \ength,



Linnaeus University %
VVDPD‘\*U\
Lek B g & Bde groph suoh ok sourcgs are
sooxed vericer, Then
P é-—)\le,d’L "0 m‘a(-%a’ca«)
YWos e form
X" ¢ vel o mxdmol ayde
P(\)\ = i k“\' 4 i an isoted e
0 otfeywse



Linnaeus University 7

—

For finite graphs E and F:

TepeTr GT-LK(E) ~or G?’-LK(F)

Graded Classification Conjecture

The Graded Classification is true
for finite-dimensional case!

W dim(@Ml) < |

ez

v/l Sinkless graphs:
dim(M;) < oo for each i
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Theorem

Let E and F be finite graphs with no sources and sinks and let L, (E) and Ly (F) be their
associated Leavitt path algebras with coefficients in a field k, respectively. If there is an
order-preserving Z[x, x~|-module isomorphism K& (L.(E)) = K§' (L. (F)), then there is
an equivalence,

mod- Lk(E) ~ mod- Lk(F)

as well as graded equivalences

gr-Li(E) =g gr-Li(F) and gr®-Li(E) ~g gr’-Li(F).
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Thank you very much!

Tack sa mycket!
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