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What is a Koszul algebra?





Some examples of Koszul algebras



How to prove that an algebra is Koszul?



How to prove that an algebra is Koszul?

















K[a, b, c, d, e, f, g, h, i, j, k, l]/I

I = (a2, . . . , l2, ab− aj, ab− bj, ac− ad, ac− cd, cg − cj, cg − gj, bd− bg, bd− dg,

de− df, de− ef, gh− gi, gh− hi, jk − jl, jk − kl)



K[a, b, c, d, e, f, g, h, i, j, k, l]/I

I = (a2, . . . , l2, ab− aj, ab− bj, ac− ad, ac− cd, cg − cj, cg − gj, bd− bg, bd− dg,

de− df, de− ef, gh− gi, gh− hi, jk − jl, jk − kl)

[LaClair, Mastroeni, McCullough, Peeva. 2025]
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K[a, b, c, d, e, f, g, h, i, j, k, l]/I

I = (a2, . . . , l2, ab− aj, ab− bj, ac− ad, ac− cd, cg − cj, cg − gj, bd− bg, bd− dg,

de− df, de− ef, gh− gi, gh− hi, jk − jl, jk − kl)

(0), (d), (d+ e+ f), (d, e), (b+ e+ f + g, d+ e+ f), (d+ e+ f, g), (d, e, f),

(a+ c+ e+ f, b+ e+ f + g, d+ e+ f), (b+ e+ f, d+ e+ f, g), (b+ c+ f, d+ e+ f, g),

(a+ c, b+ g, d, e+ f), (b+ e+ f, c+ j, d+ e+ f, g), (b, d, e+ f, g), (a+ c, b+ g, d, e+ f, j),

(a+ g + j, b+ g, c+ g + j, d, e+ f), (b+ e+ f, c+ j, d+ e+ f, g, h+ i), (a, b+ g, c, d, e+ f, j),

(a+ g, b+ g, c+ g, d, e+ f, j), (a+ j, b, c+ j, d, e+ f, g), (b+ e+ f, c+ j, d+ e+ f, g, h, i),

(b, c+ j, d, e+ f, g, h+ i), (a, b, c, d, e+ f, g, j), (a+ g, b+ g, c+ g, d, e+ f, j, k + l),

(a+ j, b, c+ j, d, e+ f, g, h+ i), (a, b, c, d, e+ f, g, h+ i, j), (a+ g, b+ g, c+ g, d, e+ f, j, k, l),

(a, b, c, d, e+ f, g, h, i, j), (a, . . . , j), (a, . . . , k), (a, . . . , l).



K[a, b, c, d, e, f, g, h, i, j, k, l]/I

I = (a2, . . . , l2, ab− aj, ab− bj, ac− ad, ac− cd, cg − cj, cg − gj, bd− bg, bd− dg,

de− df, de− ef, gh− gi, gh− hi, jk − jl, jk − kl)

partialKoszulFiltration = (R
F = {}; Fprev = {};
for i from 0 to #LF-1 do (

F = append(F,unique
);

while F =!= Fprev do (
Ftrim = {{promote(id

Macaulay2



d, e, f, g, h, i, j, k, l, d+ e, d− e, d+ f, d− f, e+ f, g + h, g − h, g + i, g − i, h+ i,

j + k, j − k, j + l, j − l, k + l, d+ e+ f, d− e− f, g + h+ i, g − h− i, j + k + l, j − k − l



d, e, f, g, h, i, j, k, l, d+ e, d− e, d+ f, d− f, e+ f, g + h, g − h, g + i, g − i, h+ i,

j + k, j − k, j + l, j − l, k + l, d+ e+ f, d− e− f, g + h+ i, g − h− i, j + k + l, j − k − l





d, e, f, g, h, i, j, k, l, d+ e, d− e, d+ f, d− f, e+ f, g + h, g − h, g + i, g − i, h+ i,

j + k, j − k, j + l, j − l, k + l, d+ e+ f, d− e− f, g + h+ i, g − h− i, j + k + l, j − k − l



I = (a2, . . . , l2, ab− aj, ab− bj, ac− ad, ac− cd, cg − cj, cg − gj, bd− bg, bd− dg,

de− df, de− ef, gh− gi, gh− hi, jk − jl, jk − kl)

F3[a, b, c, d, e, f, g, h, i, j, k, l]/I



Thank you!


