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Background and motivation

This talk is mainly based on joint work with Aryapoor (2025a,b).
Additional results are with Richter (2023, 2024).

Convention. All rings in this talk are unital.



Background and motivation

Hilbert’s basis theorem (1890)—central to commutative algebra.
Hilbert’s twist (1903)—rings with twisted multiplication.
Noncommutative polynomial rings: Ore extensions (Ore, 1933).

Hilbert’s basis theorem for Ore extensions
(Noether-Schmeidler, 1920; Cohn, 1971).



Background and motivation

Nonassociative Ore extensions (Nystedt-Oinert-Richter, 2018),
with Hilbert’s basis theorem (B.-Richter, 2023, 2024)
and “flipped” variants (Aryapoor-B., 2025a).

What underpins Hilbert’s basis theorem? (Aryapoor-B., 2025b)
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One ring to rule them all?

There is such a ring—a wildebeest.
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l. Polynomial rings: the noncommutative case

Ore (1933) began the study of noncommutative polynomial rings:

“[...] the multiplication of polynomials is so restricted that the
degree of a product is equal to the sum of the degrees of the factors.”

We want a new multiplication on R[X]. View R[X] as a left R-module,
deg(pg) < degp +degqg, p.geS.
Xr=o(r)X+8(r), r,o(r),d(r) €R. (1)

From associativity: o an endomorphism, 6 a o-derivation:

d(rs) = a(r)d(s) + &(r)s.
A unique ring R[X; o, 8]—the (left) generalized polynomial ring:
(rX™)(sX™) = ) (rm(s)) X7,
ieN

m": R — R,the sum of allwords in ¢, § containing i o’sand m —i d’s.
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Definition (Ore extension)
(S, x) is a (left) Ore extension of R if:

Sisaring extensionof Rand x € §;

Sis associative;

Sis afree left R-module with basis {1, x, x?, .. .};
XR C Rx + R.

Proposition
The following hold:

(RIX; 0, 8], X) is an Ore extension of R.
Every Ore extension of R is isomorphic to some R[X; o, d].
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InR[X; 0,8],Xr = o(r)X + 6(r) foranyr € R.

Example
R[X] = R[X; idR, OR}.

If o = idg, a differential polynomial ring R[X; idg, 8]: Xr = rX + &(r).
Example

The Weyl algebrais K(X,Y)/(XY — YX — 1) = KI[Y][X; idg[y;, d/dY].
In quantum physics, X and Y are position and momentum operators.

If & = Og, a skew polynomial ring RX; o, 0g] =: RIX; ol: Xr = o(r)X.

Example

Letx: C — C,u — u* becomplex conjugation. In C[X; *], Xu = u*X.
We have C = R[X]/(X? + 1) and H = C[X; #]/(X?> + 1).

H is an R-algebra with basis {1,/,/, k} and i* = j> = k? = jjk = —1.
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Definition (Noetherian ring)

Ris left (right) Noetherian if any of these equivalent conditions hold:
Any ascending chain of left (right) ideals stabilizes.
Any left (right) ideal is finitely generated.
Any nonempty set of left (right) ideals has a maximal element.

Theorem (Noether-Schmeidler, 1920; Cohn, 1971)
Let o be an automorphism of R. If R is left (right) Noetherian,
then sois R[X; o, §8].
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Il. Polynomial rings: the nonassociative case

R a nonassociative ring w. additive maps ¢, 8, 0(1) = 1,5(1) = 0.
The (left) generalized polynomial ring R[X; o, 8]— R[X] with
(rX™) (sX™) = Z (r™(s)) X", foranyr,s € R, m,n € N.
ieN

Definition (Nonassociative Ore extension)
(S, x) is a nonassociative Ore extension (NOE) of R if:

Sisaring extensionof Rand x € S;

X € Np(S)NN,(S);

Sis afree left R-module with basis {1, x, x%, .. .};

XR C Rx + R.

Theorem (B.-Richter, 2024)
Let o be surjective. If Ris right Noetherian, then so is RX; o, 3].

There is a bijection 0 and a 6 s.t. K[Y][X; o, 8] is not left Noetherian.
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With the flipmap t: R x R — R x R, t(r,s) := (s, r), we can “flip”
the multiplication on R[X; o, 8] to get RIX; o, 5]':

(rX™) (sX™) ZT,-, r, 7" (s))X" .
ieN
Here, T, is composition of the multiplication on Rand 1", i.e

(r.s) = rs if niseven,
" Ysr ifnis odd.

Example
In RIXIF, (rX™) (sX™) = tp(r, s)X™F7, so r(sX) = (rX°)(sX!) = (sr)X.
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A x-algebra A is a nonassociative K-algebra with an involution
x:A— A a— a*(i.e. (ab)* = b*a*, (a*)* =aforanya,b € A).

Cay(A, p) with u € K\{0}isA @ Awhereforanya, b,c,d € A,

(a,b)(c,d) := (ac + ud*b, da + bc*),
(a,b)" := (a*, —b).

Example

Start with x = idx on K = R, choose u = £1 and then double:
Cay(R,—1) =C, Cay(R,+1) =C’
Cay(C,—1) = H, Cay(C’,+1) =H’

Cay(H, —1) = O, Cay(H', +1) = O’,
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Any nonassociative x-algebra A gives a FNOE A[X; %]f'. We extend x:

(ao+aiX+a X+ ) = af—aX+a3X>— -, ap,a1,0,,... €A

Theorem (Aryapoor-B., 2025a)
Cay(A, 1) and A[X; #]f' /(X2 — 1) are isomorphic as *-algebras.

The flipped side of the moon:

C = RX/(X*+1), C’' =RX]/(X*—1),
H = CIX: «]/(X2 + 1), H' = C'[X;*]/(X* — 1),
0 = HKX; «"/(x* + 1), Q' =H'IX; «I™ /(x> — 1),
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Definition (Generalized nonassociative Ore extension)
(S, x) is a (left) generalized nonassociative Ore extension (GNOE) of
Rif:

Sisaring extensionof Rand x € S;

X is power-associative;

Sis a free left R-module with basis {1, x, x2, .. .};

(RX™)(RX") CR+Rx+ -+ Rx™™™" forallm,n € N.

Remark
(G4) is equivalent to deg(pg) < degp + degqforanyp,q € S.

Proposition (Aryapoor-B., 2025b)
Any FNOE of R is a GNOE of R. Also, if (S, x) is a GNOE of R, then:
(S, x) is an Ore extension of R if and only if S is associative.

(S,x)isaNOE of Rifand only if x € N, (S) N N,(S).
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A gnoe or wildebeest.
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Definition (Euclidean division algorithm)

A GNOE (S, x) of R satisfies the (left) Euclidean division algorithm if:
Forallpy,...,pn € Sand nonzero g € S, ifdeg g > max; deg p;
andlc(q) € (Ic(p1), ..., lc(pn))r, then thereis
s€ (pr,..., P28 st deg (g —s) < degg.

Theorem (Aryapoor-B., 2025b)

Let (S, x) be a GNOE of R that satisfies the Euclidean division algo-
rithm. If Ris right Noetherian, then sois S.

Proposition (Aryapoor-B., 2025b)
If o is surjective, then R[X; o, 5] and R[X; o, 8]' satisfy the Euclidean
division algorithm.
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What about right GNOES?

Theorem (Aryapoor-B., 2025b)

Let (S, X) be a right GNOE of R that satisfies the right Euclidean divi-
sion algorithm. If R is left Noetherian, then so is S.

Proposition (Aryapoor-B., 2025b)
RIX; o, 8], RIX; o, 8] are right GNOES of R if and only if o is bijective.

Proposition (Aryapoor-B., 2025b)
If o is an automorphism of R, then R[X; o, 8] satisfies the right Eu-
clidean division algorithm.

Example
If Ris not right Noetherian, then R[X] is not left Noetherian.
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Q: Are there other examples of GNOEs?
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...and in the darkness bind them.
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